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Abstract
Exact solutions of the Klein-Gordon-Fock (KGF) general relativistic
equation that describe the dynamics of a massive, electrically charged
scalar particle in the curved spacetime geometry of an electrically charged,
rotating Kerr-Newman-(anti) de Sitter black hole are investigated. In the
general case of a rotating, charged, cosmological black hole the solution
of the KGF equation with the method of separation of variables results
in Fuchsian differential equations for the radial and angular parts which
for most of the parameter space contain more than three finite singulari-
ties and thereby generalise the Heun differential equations. For particular
values of the physical parameters (i.e mass of the scalar particle) these
Fuchsian equations reduce to the case of Heun equation and the closed
form analytic solutions we derive are expressed in terms of Heun functions.
For other values of the parameters some of the extra singular points are
false singular points. We derive the conditions on the coefficients of the
generalised Fuchsian equation such that a singular point is a false point.
In such a case the exact solution of the Fuchsian equation can in principle
be simplified and expressed in terms of Heun functions. This is the gener-
alisation of the case of a Heun equation with a false singular point in which
the exact solution of Heun’s differential equation is expressed in terms of
Gauß hypergeometric function. We also derive the exact solutions of the
radial and angular equations for a charged massive scalar particle in the
Kerr-Newman spacetime. The analytic solutions are expressed in terms
of confluent Heun functions. Moreover, we derived the constraints on the
parameters of the theory such that the solution simplifies and expressed in
terms of confluent Kummer hypergeometric functions. We also investigate
the radial solutions in the KN case in the regions near the event horizon
and far from the black hole. Finally, we construct several expansions of
the solutions of the Heun equation in terms of generalised hypergeometric
functions of Lauricella-Appell.
∗email: gkraniot@cc.uoi.gr
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1 Introduction
The investigation of the interaction of a scalar particle with the gravitational
field is of importance in the attempts to construct quantum theories on curved
spacetime backgrounds [1],[2],[3]. The general relativistic form of the so called
Klein-Gordon-Fock (KGF) wave equation were obtained independently in [1]
and [3].
On the other hand, black holes are intensively studied both at the experimen-
tal [4], [5] as well as at the theoretical level [6],[7],[9] and this fruitful research
can lead to tests of General Relativity at the strong field regime in particular
for the supermassive Galactic Centre SgrA* black hole. This can be achieved
by identifying the type of the black hole that resides at the Sagittarius A*
region and confirming the relativistic predictions for the periastron precession
and frame-dragging effects for the orbits of S-stars [9], the gravitational lensing
effects near the event horizon [6],[7],[8] time delays [7],[10] and gravitational
redshift [11],[12]. Also the discovery of a Higgs-like scalar field [13] at Cern in
the mass region of 126GeV [14],[15], provides additional impetus for probing
the interaction of a scalar particle with the strong gravitational field of a black
hole.
The recent spectacular observations of gravitational waves predicted by the
theory of General Relativity from the binary black hole mergers GW150914 [16]
and GW151226 [17] enhanced our knowledge of the spacetime physical structure
and motivates further studies of the interaction of the spacetime with particles
such as the scalar degrees of freedom.
Potentially interesting applications of the theory we develop in our work
based on the exact solutions of the general relativistic KFG equation, include
the gravitational radiation from a hypothetical axion cloud around a black hole
[18],[19]1. We note that an axion field of mass mA = 10
−10eV has a Compton
wavelength hmAc = 12417m which corresponds to the size of a black hole with
a mass mBH ∼ 10M⊙ while for an axion mass mA = 10−16eV its length is
comparable to the length GMBHc2 of a supermassive black hole MBH = 4.04 ×
106M⊙ such as the SgrA*.
One of the most fundamental exact non-vacuum solutions of the gravitational
field equations of general relativity is the Kerr-Newman black hole [21]. The
Kerr-Newman (KN) exact solution describes the curved spacetime geometry
surrounding a charged, rotating black hole and it solves the coupled system of
differential equations for the gravitational and electromagnetic fields [21] (see
also [22]).
The KN exact solution generalised the Kerr solution [23], which describes
the curved spacetime geometry around a rotating black hole, to include a net
electric charge carried by the black hole.
Taking into account the contribution from the cosmological constant Λ, the
generalisation of the Kerr-Newman solution is described by the Kerr-Newman
de Sitter (KNdS) metric element which in Boyer-Lindquist (BL) coordinates is
1Ultralight axion fields are ubiquitous in Calabi-Yau compactifications of string theory [20].
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given by [53],[55],[54],[65] (in units where G = 1 and c = 1):
ds2 =
∆KNr
Ξ2ρ2
(dt− a sin2 θdφ)2 − ρ
2
∆KNr
dr2 − ρ
2
∆θ
dθ2
− ∆θ sin
2 θ
Ξ2ρ2
(adt− (r2 + a2)dφ)2 (1)
∆θ := 1 +
a2Λ
3
cos2 θ, Ξ := 1 +
a2Λ
3
, (2)
∆KNr :=
(
1− Λ
3
r2
)(
r2 + a2
)− 2Mr + e2, (3)
ρ2 = r2 + a2 cos2 θ, (4)
where a,M, e, denote the Kerr parameter, mass and electric charge of the black
hole, respectively. The KN(a)dS metric is the most general exact stationary
black hole solution of the Einstein-Maxwell system of differential equations.
This is accompanied by a non-zero electromagnetic field F = dA, where the
vector potential is [56],[54]:
A = − er
Ξ(r2 + a2 cos2 θ)
(dt− a sin2 θdφ). (5)
For the surrounding spacetime to represent a black hole, i.e. the singularity
surrounded by the horizon, the electric charge and angular momentum J must
be restricted by the relation [61]:
M ≥
[(
J
M
)2
+ e2
]1/2
⇔M2 ≥ a2 + e2. (6)
Exact solutions of the null geodesics in the Kerr-Newman and the Kerr-Newman-
(anti) de Sitter black hole spacetimes have been recently obtained in [6] in terms
of the Weierstaßelliptic functions and the generalised hypergeometic functions
of Appell-Lauricella [24]. Gravitational lensing and frame dragging of light has
been studied intensively in those spacetimes in [6],[7]. For the case of charged
particle geodesic orbits in the KN spacetime, we refer the reader to the works of
[25] and [26] (see also [27],[64]). We also mention at this point the possibility of
Kerr naked singularity spacetime as the source of strong gravity. In this scenario,
both accretion phenomena [62] and collissional processes [63] give signatures
clearly distinct from those related to black holes.
The investigation of the separability of the general relativistic wave equa-
tions started with the work Chandrasekhar in the context of the Kerr metric
(rotating uncharged black hole) see for instance [28], see also the work of Teukol-
sky [29]. In the context of the Newman-Penrose formalism the Dirac equation
for an electron around a Kerr-Newman black hole was separated into decoupled
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ordinary differential equations in [30]. However, in these works no attempt was
made to solve the resulting ordinary differential equations. Attempts in solv-
ing the resulting differential equations with a different degree of accuracy, in
the Kerr (K) and Kerr-Newman (KN) spacetimes can be traced in the works
[31](investigation of the radial equation for a massive particle in KN space-
time ),[32] (investigation of the angular equation in K-spacetime for a massless
particle),[33],[34]. More recently solutions of the radial equation resulting from
the separation of the KFG equation in the K and KN-spacetimes have been
investigated in [35],[36]. In the former case, it was pointed out that station-
ary spinning black holes can develope ’hair’ in the presence of massive bosonic
fields. Solutions of wave equations and eigenfrequencies in the KdS and KNdS
black hole spacetimes have been investigated in [48],[49], however for the case
of massless particles.
Thus the most general case of finding the exact solutions of the KFG equation
in the curved spacetime of a KNdS black hole for a massive and electrically
charged scalar particle has not been studied. Our work aims to fill this important
gap in the literature. It is thus pleasing that the theory produced in this work is
a complete theory for the massive KGF equation in the field of rotating, charged
cosmological black holes: all of its fundamental parameters enter the analysis of
the exact solutions derived. The Klein-Gordon-Fock equation for a scalar field
Φ that describes the dynamics of a massive scalar electrically charged particle
of charge q, in a curved spacetime is described by the equation:
Φ+ µ2Φ = 0 (7)
where,
Φ =
1√−gDν(
√−ggµνDµΦ) (8)
The generalised D’Alembertian involves the inverse spacetime metric gµν which
in our case of investigation is computed from (1). Also in our case it involves
the gauge differential operator:
Dµ = ∂µ − iqAµ (9)
The material of this work is organised as follows. In section 2, we derive
for the first time, using a separation of variables ansatz for the KFG equation
of a charged massive scalar particle, in the KNdS black hole spacetime, the
resulting ordinary radial and angular differential equations, eqns.(18),(13) re-
spectively. In section A we provide a brief mathematical background of Heun’s
differential equation, its properties, local solutions and Heun functions. As we
shall show in the main body of the paper for particular values of the scalar
mass and for a non-zero cosmological constant the Fuchsian ordinary differen-
tial equations reduce to the case of Heun equations and the exact solution can
be expressed in terms of local Heun solutions or functions. Merging two of
the four regular singularities of Heun’s differential equation yields the confluent
Heun equation, the subject of section A.1. We note that in the particular limit
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of the general theory for vanishing cosmological constant the exact solutions of
the radial and angular ordinary differential equations are expressed in terms of
confluent Heun functions. In section 3 and for a particular value of the scalar
mass in terms of the cosmological constant Λ we derive the exact solution of
the angular differential equation by determining the Heun differential equation
that the angular variable obeys, see Eqn.(25). The parameters of this equa-
tion have been determined in terms of the physical parameters of the theory,
see Eqns(27),(26). Moreover, we obtained its elliptic function representation in
both the Jacobian and the Weierstraß approach. In section 4 we discuss the
theory of false or apparent singularities of Fuchsian equations [59]. We focus
in this section in the case of a false singularity with exponents (0, 2). We de-
rive a condition that guarantees the absence of a logarithmic singularity with
exponents (0, 2), see eqns. (77),(69). This is of importance since as we show in
subsection 4.1, the angular equation for generic values of the physical parame-
ters is a Fuchsian equation with five singularities, see eqn.(78). For particular
values of the scalar mass in terms of the cosmological constant we derive the
conditions on the physical parameters of the theory that guarantee that the fifth
singular point of the angular equation is a false singular point of type (0, 2), see
Eqns.(80),(81),(82).
In section 5.2 by applying the confluence limit of Heun’s equation-subsection
A.1-we derive the exact solution of the angular differential equation, under the
assumption of a vanishing cosmological constant. The novel closed form analytic
solutions are given in terms of confluent Heun functions, see (126) ,(127)-(129).
In subsection 5.2.3, by applying a recent mathematical theory developed in [50],
we derive the conditions for expanding the confluence Heun function solution
of the angular equation for a massive scalar particle in KN spacetime in terms
of the Kummer confluent hypergeometric functions. In subsection 5.3, assum-
ing vanishing cosmological constant, we derive the exact solutions of the radial
equation first for a massive neutral scalar particle-see eqns (193),(189),(190)-
(192) and then generalise them for the case of a charged massive scalar particle
Eqns. (213) and (218). The novel solutions for the charged massive scalar field,
as in the angular case, are given in terms of confluent Heun functions. Again
in both cases we derive the conditions on the physical parameters of the the-
ory such that the solutions are expressed in terms of the Kummer confluent
hypergeometric functions. In addition, in subsections 5.3.5 and 5.3.6, we inves-
tigated the asymptotic behaviour of the radial solutions for a charged massive
particle in KN spacetime and derived the solutions in regions far from the event
horizon and near the horizon. In the former case, our results are expressed
in Eqn. (229) and (224),(225). In the latter case, our results are expressed in
(235),(233). In Appendix C following recent work in the mathematical literature
[60] and starting from the equation satisfied by the derivative we constructed
several expansions of the solutions of the general Heun equation in terms of the
Lauricella FD and the Appell F1 generalised hypergeometric functions of three
and two variables respectively. In section 5 we derive exact solutions of the
radial part of the KGF equation in KNdS spacetime. For the particular value
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of scalar mass: µ =
√
2Λ
3 the analytic solution of the radial Fuchsian equation
can be given in terms of general Heun functions, see Eqn.(105). We also derived
in this case, the Jacobian elliptic form of the resulting Heun equation which
is given in equation (115). In a series of appendices we collect some of our
formal calculations. In Appendix A we discuss in detail the elliptic function
representation of Heun’s equation, while in Appendix B we prove in detail that
the solution of a Heun equation with a false singular point simplifies and it is
given by the Gauß hypergeometric function.
2 The Klein-Gordon-Fock equation for a mas-
sive charged particle in KNdS spacetime
By calculating the D’Alembertian of the Klein-Gordon-Fock equation in the
Kerr-Newman-de Sitter spacetime and initially for the case of a massive neutral
particle, we obtain the KGF equation:
Ξ2
ρ2
[
(r2 + a2)2
∆KNr
− a
2 sin2 θ
∆θ
]
∂2Φ
∂t2
− 1
ρ2
∂
∂r
(
∆KNr
∂Φ
∂r
)
− 1
ρ2
1
sin θ
∂
∂θ
(
sin θ∆θ
∂Φ
∂θ
)
+ 2
aΞ2
ρ2
{
− 1
∆θ
+
r2 + a2
∆KNr
}
∂2Φ
∂t∂φ
− Ξ
2
ρ2 sin2 θ
{ 1
∆θ
− a
2 sin2 θ
∆KNr
}∂
2Φ
∂φ2
+ µ2Φ = 0.
(10)
To solve (10) we assume the ansatz:
Φ = Φ(~r, t) = R(r)S(θ)eimϕe−iωt (11)
Substituting (11) into (10) we obtain:
1
R(r)
d
dr
(
∆KNr
dR
dr
)
− Ξ2
[
(r2 + a2)2
∆KNr
− a
2 sin2 θ
∆θ
]
(−ω2)
+
1
S(θ)
1
sin θ
d
dθ
(
sin θ∆θ
dS(θ)
dθ
)
+
Ξ2
sin2 θ
{
1
∆θ
− a
2 sin2 θ
∆KNr
}
(−m2)
− 2aΞ2
{
− 1
∆θ
+
r2 + a2
∆KNr
}
mω − ρ2µ2 = 0, (12)
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Subsequently, separating radial from polar angle parts yields the differential
equations:
1
sin θ
d
dθ
(
sin θ∆θ
dS(θ)
dθ
)
+ S(θ)
[
−m
2Ξ2
sin2 θ
1
∆θ
+
2aΞ2
∆θ
mω − Ξ
2a2 sin2 θω2
∆θ
− µ2a2 cos2 θ +Klm
]
= 0,
(13)
d
dr
(
∆KNr
dR
dr
)
+
R(r)
∆KNr
[Ξ2K2 − r2µ2∆KNr −Klm∆KNr ] = 0, (14)
where
K(r) := ω(r2 + a2)− am (15)
In eqns. (13),(14) the constant Klm denotes the separability constant. Now
including the contribution from the electric charge of the scalar particle we
calculate first:
AρAρ = g
00A0A0 + g
03A3A0 + g
30A3A0 + g
33A3A3 = − q
2e2r2
ρ2∆KNr
, (16)
−2iqAµ∂µ = −2iqA0∂0 − 2iqA3∂3 = 2iqΞ
ρ2∆KNr
[
(r2 + a2)
∂
∂t
+ a
∂
∂φ
]
(17)
Then the radial ordinary equation that results from separation will take the
form:
d
dr
(
∆KNr
dR
dr
)
+
R(r)
∆KNr
[
Ξ2
(
K − eqr
Ξ
)2
− r2µ2∆KNr −Klm∆KNr
]
= 0 (18)
while the angular equation remains unaltered.
3 The solutions of the angular equations
As we saw in section 2, separation of variables with the ansatz (11), yielded the
angular differential equation (13).
By defining the variable x := cos θ, and setting µ =
√
2Λ
3 ,Λ > 0, equation
(13) becomes:[(
1 +
a2Λ
3
x2
)
(1− x2) d
2
dx2
+ 2
a2Λ
3
x(1 − x2) d
dx
− 2
(
1 +
a2Λ
3
x2
)
x
d
dx
]
S
+
[
−Ξ
2a2ω2(1− x2)
1 + a
2Λ
3 x
2
+
2aωmΞ2
1 + a
2Λ
3 x
2
− m
2Ξ2
(1 + a
2Λ
3 x
2)(1 − x2)
]
S
+
[
−2a
2Λ
3
x2 +Klm
]
S = 0 (19)
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Since as we mention the automorphism group of the parameter space of Heun’s
equation has recently been determined, we apply first to equation (19) the ho-
mographic transformation of the independent variable 2:
z =
a2 − a4
a2 − a1
x− a1
x− a4 =
1− i√αλ
2
x+ 1
x− i√αΛ
, αΛ :=
a2Λ
3
, (20)
where such a transformation is designed to map the three singularities a1, a2, a4
into 0, 1,∞. With this transformation we have:
(1 + αΛx
2)(1 − x2) = αΛ16iΞ
2
√
αΛ
z(z − 1)(z − z3)
[2z
√
αΛ −√αΛ + i]4 , (21)
where
z3 = −1
2
(
−1 + αΛ − 1
2i
√
αΛ
)
. (22)
Equation (19) with the aid of (20) becomes:{
d2
dz2
+
[
1
z
+
1
z − 1 +
1
z − z3 −
2
z − z∞
]
d
dz
− m
2
4
1
z2
− m
2
4
1
(z − 1)2 +
(
Ξaω
2
√
αΛ
− m
√
αΛ
2
)2
1
(z − z3)2 +
2
(z − z∞)2+
1
z
[
m2(1 + 2i
√
αΛ + 3αΛ)
2(−i+√αΛ)2 +
2mΞξ
(1 + i
√
αΛ)2
− 2αΛ
(1 + i
√
αΛ)2
+
Klm
(1 + i
√
αΛ)2
]
+
1
z − 1
[−m2(1− 2i√αΛ + 3αΛ)
2(i+
√
αΛ)2
+
−2mξΞ
(1 − i√αΛ)2 +
2αΛ
(1− i√αΛ)2 −
Klm
(1− i√αΛ)2
]
+
1
z − z3
[−8im2αΛ√αΛ
Ξ2
+
8im
√
αΛξ
Ξ
+
8i
√
αΛ
Ξ2
+
4i
√
αΛKlm
Ξ2
]
+
1
z − z∞
−8i√αΛ
Ξ
}
S(z) = 0, (23)
where z∞ = −−i(1+
√
αΛi)
2
√
αΛ
and ξ := aω. The four singularities z = 0, 1, z3, z∞
have exponents { |m|2 ,− |m|2 }, { |m|2 ,− |m|2 }, { i2
(
Ξξ√
αΛ
−m√αΛ
)
,− i2
(
Ξξ√
αΛ
−m√αΛ
)
}, {2, 1}.
Thus equation (23) is not of a Heun type. The F-homotopic transformation or
index transformation of the dependent variable S:
S(z) = zα1(z − 1)α2(z − z3)α3(z − z∞)α4 S¯(z) (24)
where α1 = α2 =
|m|
2 , α3 = ± i2
(
Ξξ√
αΛ
−m√αΛ
)
, α4 = 1 is designed to reduce
one of the exponents of the finite singularities 0, 1, z3 to zero and to eliminate
2The angular differential equation (19) has four regular singularities at the points
±1,± i√
αΛ
, which we denote with the tuple (a1, a2, a3, a4) = (−1, 1,−
i√
αΛ
, i√
αΛ
). The fourth
singularity a3
(20)
→ z3 =
a3−a1
a3−a4
a2−a4
a2−a1 .
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the finite z∞ singularity. In other words transforms (23) into the Heun form
(236). Indeed application of (24) into (23) yields:{
d2
dz2
+
[
2α1 + 1
z
+
2α2 + 1
z − 1 +
2α3 + 1
z − z3
]
d
dz
+
αβz − q
z(z − 1)(z − z3)
}
S¯(z) = 0,
(25)
where the auxiliary parameter q is calculated in terms of the cosmological con-
stant, spin of the black hole,the parameters m,ω and is given by the expression
q =
i
4
√
αΛ
{
−(1 + i√αΛ)2[2α1α2 + α2 + α1]− 4√αΛi[2α1α3 + α3 + α1]
− m
2
2
((1 + i
√
αΛ)
2 + 4αΛ) +Klm − 2i√αΛ + 2Ξmξ
}
(26)
The parameters α, β are given in terms of the physical parameters by the
expression 3
αβ = q − (z3 − 1)× B
=
i
4
√
αΛ
{
−(1 + i√αΛ)2[2α1α2 + α2 + α1]− 4√αΛi[2α1α3 + α3 + α1]
− m
2
2
((1 + i
√
αΛ)
2 + 4αΛ) +Klm − 2i√αΛ + 2Ξmξ
}
+
i
4
√
αΛ
{
m2
2
(
(1− i√αΛ)2 + 4αΛ
)− 2mξΞ−Klm − 2√αΛi
+ (1− i√αΛ)2[2α1α2 + α2 + α1] + i4√αΛ(−2α2α3 − α3 − α2)
}
(27)
3.0.1 Exact solution of the Heun angular equation in KNdS space-
time in hypergeometric polynomials
In this section we derive an analytic solution of the angular Heun equation in
terms of hypergeometric polynomials-Jacobi polynomials. For u(z) a function
that satisfies Heun’s equation, we make the following ansatz:
u(z) =
∞∑
ν=0
cνyν(z) (28)
where
yν(z) = F (−ν, ν + ω, γ, z) = ν!Γ(γ)
Γ(ν + γ)
P (γ−1,ω−γ)ν (1− 2z) (29)
3The parameter B is the total coefficient of the term 1
z−1 that results after the application
of the F-homotopic transformation (24) in (23).
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In eqn.(29), ω = δ+γ−1 and should not be confused with the angular frequency
that appears in the separation ansatz. The polynomials satisfy the differential
equation 4
y′′ν (z) +
[
γ
z
+
δ
z − 1
]
y′ν(z)−
ν(ν + ω)
z(z − 1) yν(z) = 0 (30)
and the recursion relations ν ∈ Z+:
zyν(z) = Pνyν+1(z) +Qνyν(z) +Rνyν−1(z), (31)
z(z − 1) d
dz
yν(z) = P
′
νyν+1(z) +Q
′
νyν(z) +R
′
νyν−1(z) (32)
where (ν ∈ Z+)

Pν = − (ν+ω)(ν+γ)(2ν+ω)(2ν+ω+1)
Qν =
(ω−1)(γ−δ)
2(2ν+ω+1)(2ν+ω−1) +
1
2
Rν = − ν(ν+δ−1)(2ν+ω)(2ν+ω−1)


P ′ν = − ν(ν+ω)(ν+γ)(2ν+ω)(2ν+ω+1)
Q′ν =
ν(ν+ω)(γ−δ)
(2ν+ω+1)(2ν+ω−1)
R′ν =
ν(ν+ω)(ν+δ−1)
(2ν+ω)(2ν+ω−1)
with initialising values (ν = 0)

P0 = − γω+1
Q0 =
γ
ω+1
R0 = 0


P ′0 = 0
Q′0 = 0
R′0 = 0
Inserting (28) into Heun’s equation (236) we find that if the series (28) is
a solution of the Heun’s differential equation the coefficients in the series of
hypergeometric polynomials, cν , satisfy:
cν+1 = Eνcν + Fνcν−1, (33)
where 
 Eν = −
[ν(ν+ω)+αβ]Qν+εQ
′
ν−aν(ν+ω)−q
εR′ν+1+[(ν+1)(ν+1+ω)+αβ]Rν+1
Fν = − εP
′
ν−1+((ν−1)(ν−1+ω)+αβ)Pν−1
εR′ν+1+[(ν+1)(ν+1+ω)+αβ]Rν+1
The sequence is initialised by
c1 = −c0(αβγ − q(ω + 1))(2 + ω)
δ((1 + ω)(ε− 1)− αβ) (34)
Using the first of the recursion relations and the well defined limits of the coef-
ficients Pν , Qν , Rν as ν →∞:

Pν = − 14 + 1−2γ8ν +O
(
1
ν2
)
Qν =
1
2 +O
(
1
ν2
)
as ν →∞
Rν = − 14 − 1−2γ8ν +O
(
1
ν2
)
4The type of solution of Heun’s differential equation expressed as an infinite series of
hypergeometric polynomials was first investigated by Svartholm [40]. See also [41].
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one can show that 5
lim
ν→∞
yν+1(z)
yν(z)
= s(z) ≡ s2(z) = (1− z
−1)1/2 + 1
(1− z−1)1/2 − 1 ≡
Z + 1
Z − 1 (35)
exists where the branch of the square root satisfies ℜ(1−z−1)1/2 > 0 (assuming
z 6∈ [0, 1]). Moreover, yν+1(z)yν(z) = s(z)+
σ(z)
ν +O(1/ν2), as ν →∞, where σ(z) =
s(z)1−2γ2 . On the other hand, the asymptotic behaviour of the coefficients cν is
given as follows: The limit
lim
ν→∞
cν+1
cν
= t2 =
(1− a−1)1/2 + 1
(1− a−1)1/2 − 1 ≡
A+ 1
A− 1 , (36)
exists, where the branch of the square root satisfies ℜA = ℜ(1 − a−1)1/2 > 0
(under the assumption |a| > 1), and |t2| > 1. In the exceptional case, the limit
is
lim
ν→∞
cν+1
cν
= t1 =
(1 − a−1)1/2 − 1
(1 − a−1)1/2 + 1 ≡
A− 1
A+ 1
(37)
and |t1| < 1. Moreover, if we write cν+1cν = tn+ τν+O(1/ν2), as ν →∞ (n = 1, 2)
then τ satisfies: τ = tn(2γ + 2ε− 5) (1−2a)tn−1t2n−1 , n = 1, 2. By the D’Alembert’s
ratio test absolute convergence of the series (28) is guaranteed provided
lim
ν→∞
∣∣∣∣cν+1yν+1(z)cνyν(z)
∣∣∣∣ = |tns2(z)| < 1, n = 1, 2 (38)
and diverges if |tns2(z)| > 1, n = 1, 2. In general t2 is the proper root for the
asymptotic limit of the coefficients. The boundary of the domain of convergence,
|t2s2(z)| = 1, consists of all z ∈ C satisfying:∣∣∣∣Z + 1Z − 1
∣∣∣∣ = |s2(z)| = 1|t2| =
∣∣∣∣A− 1A+ 1
∣∣∣∣ < 1 (39)
The solution set is void since |Z + 1| < |Z − 1| ≡ ℜZ < 0 which contradicts
the assumption ℜZ > 0. The other root, t1, gives a domain of convergence
determined 6 by ∣∣∣∣Z + 1Z − 1
∣∣∣∣ = |s2(z)| < 1|t1| =
∣∣∣∣A+ 1A− 1
∣∣∣∣ (40)
which defines the interior of an ellipse in the complex z-plane, with foci at
z = 0, 1 and passing through z = a. On the ellipse t1s2(z) = 1. Raabe’s test
guarantees absolute convergence, if there exists c > 0 such that:
lim
ν→∞
νℜ
(
cν+1yν+1(z)
cνyν(z)
− 1
)
= −1− c (41)
5The exceptional case limν→∞
yν+1(z)
yν(z)
= s1(z) =
1
s(z)
does not occur [42].
6The exceptional limit to the root t1 is also known in the literature as the phenomenon of
augmented convergence.
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From the results above
lim
ν→∞
νℜ
(
cν+1yν+1(z)
cνyν(z)
− 1
)
= ℜε− 2. (42)
Thus by Raabe’s test the series converges absolutely on the ellipse if ℜε < 1.
The formal procedure can be applied to angular Heun equation with the ansatz:
S¯(z) =
∑∞
ν=0 cνyν(z) where yν(z) are given in (29) and a = z3. The parameters
of angular Heun’s equation are given in (25),(26), α =
∑3
i=1 αi + α
∗
3 + 1, β =∑3
i=1 αi − α∗3 + 1.
Now we will describe how the separability constant Klm can be determined
from the recurrence relation (33) compatible with the augmented convergence
of the series expansion (28) solution. For this we can rewrite (33) in the form:
Dνcν+1 + Eνcν + Fνcν−1 = 0, (43)
Fν = − (ν − 1 + ω)(ν − 1 + γ)(ν − 1 + α)(ν − 1 + β)
(2ν + ω − 2)(2ν + ω − 1) (44)
Dν = − (ν + δ)(ν + 1)(ν + 1+ ω − α)(ν + 1 + ω − β)
(2ν + ω + 2)(2ν + ω + 1)
(45)
Eν = Jν
(2ν + ω + 1)(2ν + ω − 1) − z3ν(ν + ω)− q, (46)
Jν = [ν(ν + ω) + αβ][2ν(ν + ω) + γ(ω − 1)] + εν(ν + ω)(γ − δ) (47)
We note that the separability constant Klm enters only in the expression for
Eν , Eqn.(46) through q. Thus we can write Eν = Qν − q where the quantities
Dν ,Fν ,Qν do not contain Klm. Now if we define vν = cν+1cν we can obtain from
(43) the equation:
vν−1 =
−Fν
Dνvν + Eν (48)
Likewise we can obtain the equation uν+1 =
−Dν
Eν+Fνuν . Now applying twice (48)
we obtain the continued fraction
vν−1 =
−Fν
Qν − q−
DνFν+1
Qν+1 − q +Dν+1vν+1 (49)
Following this idea vν−1 can be expressed as an infinite continued fraction:
E0 = D0F1Q1 − q−
D1F2
Q2 − q− · · · (50)
In a more compact form we can summarise the procedure of determining the
eigenparameter Klm for the angular equation. The constant of separation in
the angular equation that appears in q in (26) is determined from the following
transcendental equation compatible with the convergence of the series:
RνLν−1 = 1, (51)
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where now the continued fractions are defined as follows:
Rν =
cν
cν−1
, Lν =
cν
cν+1
. (52)
A detailed account of the series solution in hypergeometric polynomials of the
angular Heun equation will necessarily be a subject of a separate publication.
3.1 Heun equation elliptic functions and Inozemtsev sys-
tem
There is a deep connection between the Heun equation and quantum mechanical
system such as the Inozemtsev model [44]. The connection stems from the
fact that the Heun equation admits an expression in terms of elliptic functions
and this expression is closely related to the BC1 Inozemtsev model [39] and in
particular with the Darboux transformation, see Appendix A for some details.
Let us explain this.
Let f(x) denotes an eigenfunction of the Hamiltonian H with eigenvalue E:(
− d
2
dx2
+
3∑
i=0
li(li + 1)℘(x+ ωi)− E
)
f(x) = 0, (53)
where ℘(x) is the Weierstraßelliptic function (which is also a Jacobi modular
form of weight 2) with periods (1, τ), ω0 = 0, ω1 = 1/2, ω2 =
1+τ
2 , ω3 = τ/2 are
half-periods and li(i = 0, 1, 2, 3) are coupling constants. Also assuming ℑ(τ) > 0
we have ei = ℘(ωi), (i = 1, 2, 3). Applying the transformation
w =
e1 − e3
℘(x)− e3 , t =
e1 − e3
e2 − e3 , (54)
Φ˜(w) = w
l0+1
2 (w − 1) l1+12 (w − t) l2+12 (55)
reduces the differential equation (53) into a Heun’s differential equation
( d
dw
)2
+
(
l0 +
3
2
w
+
l1 +
3
2
w − 1 +
l2 +
3
2
w − t
)
d
dw
+
(∑3
i=0 li+4
2
)
(
3+
∑2
i=0 li−l3
2 )w − q
w(w − 1)(w − t)

 f˜(w) = 0
(56)
where the auxiliary parameter is given by
q = − t
4
(
E
e1 − e3 +
(
t+ 1
3t
) 3∑
i=0
li(li + 1)− 1
t
(l0 + l2 + 2)
2 − (l0 + l1 + 2)2
)
(57)
Also we have
f(x) = f˜
(
e1 − e3
℘(x) − e3
)
Φ˜
(
e1 − e3
℘(x) − e3
)
= f˜(w)Φ˜(w) (58)
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We note the very useful relationships involved in the transformation (55)(
dw
dx
)2
= 4(e2 − e3)w(w − 1)(w − t), (59)
d2w
dx2
=
1
2
(
dw
dx
)2 [
1
w
+
1
w − 1 +
1
w − t
]
,
dw
dx
= − (e1 − e3)℘
′(x)
(℘(x) − e3)2 (60)
as well as
℘(x+ ω1) =
(e2 − e1)w
w − 1 + e1, ℘(x+ ω2) = −
(e2 − e1)w
w − t + e2,
℘(x+ ω3) = e3 − w(e3 − e2) (61)
We also note that
γ + δ + ε = l0 + l1 + l2 +
9
2
= α+ β + 1, (62)
and thus the condition (237) is satisfied, therefore equation (56) is indeed a
Heun equation.
Conversely, if a differential equation of second order with four regular singu-
lar points on a Riemann sphere is given, we can transform it into a Heun equation
as equation (56) with the Fuchsian condition (62) with suitable li, (i = 0, 1, 2, 3)
and q by using a change of variables through a homographic transformation of
the independent variable w → a′w+b′c′w+d′ followed by a transformation of the de-
pendent variable f → wα1(w − 1)α2(w − t)α3f . If t−1 6= 0, 1 than there exists
a solution τ to the equation t−1 = e2−e3e1−e3 = k
2, the roots ei, (i = 1, 2, 3) depend
on τ . Indeed (see also Appendix A, equation (252)) the real half-period is the
value of u for x = e1 and we have:
ω1 =
∫ ∞
e1
dx√
X
=
∫ e2
e3
dx√
X
=
K√
e1 − e3 . (63)
For values of x between e1 and e2 or between e3 and −∞,
√
X is imaginary;
however, the value of
∫
dx/
√
X between the limits e3 and −∞ is denoted by
ω3, and called the imaginary half period, so that
ω3 =
∫ e1
e2
dx√
X
=
∫ e3
−∞
dx√
X
=
iK ′√
e1 − e3 (64)
Thus the parameter τ is determined. This in turn, determines the values of the
cubic roots e1, e2, e3 and E. Thus we obtain a Hamiltonian of BC1 Inozemtsev
model with an eigenvalue E starting from a differential equation of second order
with four regular points on a Riemann sphere.
In terms of Jacobian elliptic functions (see Appendix A) the fuchsian equa-
tion (25) acquires the following elliptic representation:
d2S¯
du2
+
[
(4α1 + 1)
cnudnu
snu
− (4α2 + 1)snudnu
cnu
− k2(4α3 + 1)snucnu
dnu
]
dS¯
du
+
(
4αβk2sn2u− 4k2q) S¯ = 0 (65)
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where the auxiliary parameter q is given by equation (26), the parameters α, β
are determined by equation (27) while k−2 = z3 = − 12
(
−1 + αΛ−12i√αΛ
)
, z =
sn2(u, k).
4 False singular points and exact solution of the
angular KGF equation
In this section we shall see that for special values of the scalar field mass the
fourth finite singularity z∞ can be of special character namely that of a false sin-
gularity. In this case, as in the case of Heun’s equation, a skillfull change of vari-
ables can transform the Fuchsian equation into a finite-gap elliptic Schro¨dinger
equation. In fact Smirnov in [46] has shown the theorem: A Fuchsian equation
with M+4 singular points is ‘finite-gap’ if and only if, for all k, k = 1, · · · ,M ,
z = bk is a false singular point.
Let us define in what follows the concept of a false singular point. An
arbitrary Fuchsian equation of second order can be written in the form:
d2Y
dz2
= f(z)
dY
dz
+ g(z)Y (66)
where f(z) and g(z) are known rational functions and we recall that Fuchsian
equations have only regular singular points: irregular singular points occur in
confluent cases when two regular points coalesce in a particular limiting process.
We assume that equation (66) has regular singular points (i.e. the poles of the
coefficients f and g) ai, i = 1, . . . , v, and that a local expansion at each singular
point yields a pair of exponents {αi, βi} that characterise the local behaviour
there.
We call a singular point ai false if both exponents αi and βi are non-negative
integers and there are no logarithmic terms in the local expansion near the
singular point. It is known that such logarithmic terms generally appear in the
case when the difference of the exponents is an integer,so a specific restriction
must be imposed on the coefficients of the equation.
We shall discuss briefly these restrictions on the coefficients of the equation
(66) so that the singular point aj is false. Considering the simplest false point
with the exponents equal to 0 and 2, then, from the general theory of Fuchsian
equations, the exponents follow from a characteristic equation, and local to aj :
f(z) =
1
z − aj + f0 +O(z − aj), g(z) =
g−1
z − aj + g0 +O(z − aj), (67)
for some constants f0, g−1, g0. The solution corresponding to the exponent zero
can be written in the form
Y (z) =
∞∑
m=0
cm(z − aj)m = c0 + c1(z − aj) + c2(z − aj)2 +O((z − aj)3), (68)
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for some constants c0, c1, c2. Substituting (68) into the equation (66) we obtain
recursive equations for the coefficients at different orders of (z − aj) and this
yields:
g−1f0 − g0 + (g−1)2 = 0, (69)
and as a consequence to the absence of logarithmic terms local to aj . Indeed,
considering the operator
L = x2
d2
dx2
+ xp(x)
d
dx
+ q(x), (70)
where p(x) and q(x) are analytic functions at x = 0 with the power series
expansions:
p(x) =
∞∑
j=0
pjx
j , q(x) =
∞∑
j=0
qjx
j (71)
Put
y(x) = xr
∞∑
m=0
cmx
m, (c0 6= 0,we can choose c0 = 1) (72)
we can calculate Ly
Ly =
∑
m≥0
{((m+ r)(m+ r − 1) + (m+ r)p0 + q0)cm +Rm}xm+r, (73)
where
R0 = 0, Rm =
∑
i+j=m,i6=m
{(i+r)cipj+ciqj} =
m−1∑
k=0
[(k+r)pm−k+qm−k]ck,m > 0
(74)
If we set
F (r) = r(r − 1) + rp0 + q0, (75)
then we see that Ly = 0 if, and only if:
F (r +m)cm +Rm = 0,m = 0, 1, 2, . . . (76)
The second order algebraic equation F (r) = 0 is called the characteristic equa-
tion or indicial equation and the roots of the equation are called the charac-
teristic exponents. If the exponents are denoted by r1, r2, their difference is
an integer r2 − r1 = m ∈ Z, m 6= 0 and Rm = 0, the singularity is called
non-logarithmic because no logarithm appears in the expansions for the two
solutions. Now returning to our case of a false singularity with exponents (0, 2)
we have p0 = −1, q0 = 0, p1 = −f0, q1 = −g−1, q2 = −g0 we get
R2 = [−rp2 + q2]c0 + [(1 + r)p1 + q1]c1 = q2c0 + (p1 + q1)c1
= −g0c0 + (−f0 − g−1)(−g−1c0) = −g0c0 + f0g−1c0 + g2−1c0, (77)
which since c0 6= 0 leads to the condition of absence of a logarithmic singularity,
Eq.(69).
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4.1 Conditions on the coefficients of the Fuchsian angular
Klein-Gordon-Fock equation and the scalar mass such
that the fifth singular point is a false point
Equation (13) with the aid of (20) becomes:{
d2
dz2
+
[
1
z
+
1
z − 1 +
1
z − z3 −
2
z − z∞
]
d
dz
− m
2
4
1
z2
− m
2
4
1
(z − 1)2 +
(
Ξaω
2
√
αΛ
− m
√
αΛ
2
)2
1
(z − z3)2 +
a2µ2
αΛ(z − z∞)2+
1
z
[
m2(1 + 2i
√
αΛ + 3αΛ)
2(−i+√αΛ)2 +
2mΞξ
(1 + i
√
αΛ)2
+
a2µ2
(−i+√αΛ)2 +
Klm
(1 + i
√
αΛ)2
]
+
1
z − 1
[−m2(1− 2i√αΛ + 3αΛ)
2(i+
√
αΛ)2
− −2mξΞ
(1 − i√αΛ)2 −
a2µ2
(i+
√
αΛ)2
− Klm
(1− i√αΛ)2
]
+
1
z − z3
[−8im2αΛ√αΛ
Ξ2
+
8im
√
αΛξ
Ξ
+
4ia2µ2√
αΛΞ2
+
4i
√
αΛKlm
Ξ2
]
+
1
z − z∞
−4ia2µ2√
αΛΞ
}
S(z) = 0, (78)
We have five singular points. The exponentials at the singular point z∞ are
obtained by solving the indicial equation:
F (r) = r(r − 1) + p0r + q0 = 0 (79)
where p0 = limz→z∞(z − z∞) −2z−z∞ = −2 and q0 = limz→z∞(z − z∞)2Q(z) =
a2µ2
αΛ
. Thus we obtain r1,2(µ) =
3±
√
9−4 a2µ2
αΛ
2 . Now choosing
5
4 =
a2µ2
αΛ
, and per-
forming the homotopy transformation (24) for the dependent variable but now
with α4 =
1
2 one transforms (78) into an equation with the same singularities
however the exponents of the singular point z∞ will be now {0, 2}, i.e. non-
negative integers. Thus, for this choice of scalar mass we can arrange matters
so that the singularity z∞ becomes false. However in order for this to be true,
also the condition (69,)that guarantees the absence of logarithmic terms needs
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to be satisfied. The terms appearing in (69) are calculated to be:
g−1 =
−i√αΛ
Ξ
, (80)
f0 =
2α1 + 1
z∞
+
2α2 + 1
z∞ − 1 +
2α3 + 1
z∞ − z3 , (81)
g0 =
[
m2(1 + 2i
√
αΛ + 3αΛ)
2(−i+√αΛ)2 +
2mξΞ
(1 + i
√
αΛ)2
+
−2αΛ
(1 + i
√
αΛ)2
+
Klm
(1 + i
√
αΛ)2
]
1
z∞
+
[
m2
2
(
1 +
4αΛ
(1− i√αΛ)2−
)
2mξΞ
(1− i√αΛ)2 +
2αΛ
(1 − i√αΛ)2 −
Klm
(1− i√αΛ)2
]
1
z∞ − 1
+
[−8im2αΛ√αΛ
Ξ2
+
8im
√
αΛξ
Ξ
+
8i
√
αΛ
Ξ2
+
4i
√
αΛKlm
Ξ2
]
1
z∞ − z3 (82)
5 The solutions of massive radial equation for
a charged particle in the KNdS black hole
spacetime
We write the quantity ∆KNr in terms of the radii of the event and Cauchy hori-
zons r+, r− and the cosmological horizon r+Λ for positive cosmological constant:
∆KNr = −
Λ
3
(r − r+)(r − r−)(r − r+Λ )(r − r−Λ ) (83)
There are five regular singularities in (18), at the points r±, r±Λ ,∞. Applying
the homographic substitution
z =
(
r+ − r−Λ
r+ − r−
)(
r − r−
r − r−Λ
)
(84)
Equation (83) in terms of the new variable is written:
∆KNr = −
Λ
3
Hz3∞z(z − 1)(z − zr)
(z∞ − z)4 , (85)
where H :=
(r−−r−Λ )2(r+−r−)(r+Λ−r−)
zr
. Also we have the following relations and
definitions:
r =
r−z∞ − r−Λ z
z∞ − z , z∞ :=
r+ − r−Λ
r+ − r− , zr := z∞
(
r+Λ − r−
r+Λ − r−Λ
)
, (86)
dz
dr
=
z∞(r− − r−Λ )
(r − r−Λ )2
=
1
z∞
1
r− − r−Λ
(z∞ − z)2 = r+ − r−
r+ − r−Λ
1
r− − r−Λ
(z∞ − z)2
(87)
d2z
dr2
=
−2z∞(r− − r−Λ )
(r − r−Λ )3
,
d2z
dr2(
dz
dr
)2 = −2z∞ − z . (88)
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Applying the homographic transformation (84) in the radial equation for a
massive charged particle (18) we obtain:
d2R
dz2
+
1(
dz
dr
)2 1∆KNr d∆
KN
r
dr
dR
dr
+
d2z
dr2(
dz
dr
) dR
dz
+
Ξ2(K(r)− eqrΞ )2
(∆KNr )
2
(
dz
dr
)2 + −r2µ2R(dz
dr
)2
∆KNr
− KlmR
∆KNr
(
dz
dr
)2
=
d2R
dz2
+
{
1
z
+
1
z − 1 +
1
z − zr −
2
z − z∞
}
dR
dz
+
[
A′
z2
+
B′
z
+
C′
(z − 1)2 +
D′
z − 1 +
E′
(z − zr)2 +
H ′
z − zr
]
R
+
[
A
(z∞ − z)2 +
B
z∞ − z +
C
z
+
D
z − 1 +
F
z − zr
]
R+
[BKlm
z
+
DKlm
z − 1 + +
HKlm
z − zr
]
R = 0.
(89)
The coefficients of the partial fraction expansion for the term −r
2µ2R
( dzdr )
2
∆KNr
, are
given as follows:
A =
3µ2
Λ
, (90)
B =
3µ2
Λ
1
r− − r−Λ
[
(r−Λ + r−)zr − 2r−z∞ − 2r−zrz∞ − (r−Λ − 3r−)z2∞
(1− z∞)(zr − z∞)z∞
]
, (91)
C =
3µ2
Λ
1
r+ − r−
1
r+Λ − r−
r2−
z∞
, (92)
D = −3µ
2
Λ
zr
r+ − r−
1
r+Λ − r−
1
z∞
[r−Λ − r−z∞]2
(zr − 1)(z∞ − 1) , (93)
F =
3µ2
Λ
1
r+ − r−
1
r+Λ − r−
1
z∞
(r−Λ zr − r−z∞)2
(zr − 1)(zr − z∞)2 (94)
while the expansion coefficients A′, C′, E′ are computed to be:
A′ =
a4
α2Λ
[ΞK(r−)− eqr−]2
(r− − r−Λ )2(r+ − r−)2(r+Λ − r−)2
(95)
C′ =
a4
α2Λ
[ΞK(r+)− eqr+]2
(r+ − r−Λ )2(r+ − r+Λ )2(r+ − r−)2
(96)
E′ =
a4
α2Λ
[ΞK(r+Λ )− eqr+Λ ]2
(r+Λ − r−)2(r+Λ − r−Λ )2(r+ − r+Λ )2
(97)
Let us calculate the exponents of the singularity at z∞. The indicial equation
takes the form:
F (r) = r(r − 1)− 2r + 3µ
2
Λ
= 0, (98)
and the exponents are computed to be:
r1,2µz∞ =
3
2
± 1
2
√
9− 12µ
2
Λ
. (99)
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Subsequently we compute the exponents for the regular singularities z = 0, z =
1, z = zr. Indeed the indicial equation for the z = 1 singularity takes the form:
F (r) = r(r − 1) + r + a
4
α2Λ
[ΞK(r+)− eqr+]2
(r+ − r−Λ )2(r+ − r+Λ )2(r+ − r−)2
= 0 (100)
Thus the roots are calculated to be:
r1,2z=1 ≡ µ2 = ±
ia2
αΛ
ΞK(r+)− eqr+
(r−Λ − r+)(r− − r+)(r+Λ − r+)
(101)
Likewise we compute the exponents of the other two singularities:
r1,2z=0 ≡ µ1 = ±
ia2
αΛ
ΞK(r−)− eqr−
(r− − r−Λ )(r+ − r−)(r+λ − r−)
, (102)
r1,2z=zr ≡ µ3 = ±
ia2
αΛ
[ΞK(r+Λ )− eqr+Λ ]
(r−Λ − r+Λ )(r+ − r+Λ )(r− − r+Λ )
. (103)
Thus we see that in general the radial Fuchsian KGF equation for a massive
charged particle in the curved spacetime of a cosmological rotating charged
black hole possess five singularites including the infinity. We investigate as in
the case of the angular equation the possibility of deriving exact solutions in
terms of Heun functions, i.e. eliminating one of the regular finite singularities.
Indeed choosing a value of the scalar mass in terms of the cosmological constant
as µ2 = 23Λ the exponents of the z∞ singularity become r
1,2
z∞,µ2=
2
3Λ
= 2, 1. Thus
applying the F -homotopic transformation of the dependent variable R
R(z) = zµ1(z − 1)µ2(z − zr)µ3 (z − z∞)r
2
z∞ R¯(z) (104)
we eliminate the z∞ singularity and reduce one of the exponents of the three
finite singularities z = 0, 1, zr to zero. Consequently for this value for the scalar
mass the radial part of the KGF Fuchsian equation in the curved spacetime of
the KNdS black hole becomes a Heun differential equation:{
d2
dz2
+
[
2µ1 + 1
z
+
2µ2 + 1
z − 1 +
2µ3 + 1
z − zr
]
d
dz
+
αβz − q
z(z − 1)(z − zr)
}
R¯(z) = 0.
(105)
The F− homotopic transformation (104) factors out the z∞ singularity be-
cause it eliminates both terms ∝ 1(z−z∞)2 and ∝ 1z−z∞ respectively. Indeed the
last term vanishes:
1
z − z∞
(
1
z∞
− 1
1− z∞ −
1
zr − z∞
)
− B
z − z∞
=
1
z − z∞
(r− − r+)(r−Λ + r+Λ + r− + r+)
(r−Λ − r−)(r−Λ − r+)
= 0, (106)
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due to Vieta’s relations, i.e. r−Λ +r
+
Λ+r−+r+ = 0. The four roots r
−
Λ , r
+
Λ , r−, r+
of the quartic polynomial ∆KNr can be given in closed analytic form by applying
the theory developed in [6]. Indeed they are given by the following formulae in
terms of the elliptic functions ℘, ℘′:
α =
1
2
℘′(−x1/2 + ω)− ℘′(x1)
℘(−x1/2 + ω)− ℘(x1) , (107)
β =
1
2
℘′(−x1/2 + ω + ω′)− ℘′(x1)
℘(−x1/2 + ω + ω′)− ℘(x1) , (108)
γ =
1
2
℘′(−x1/2 + ω′)− ℘′(x1)
℘(−x1/2 + ω′)− ℘(x1) , (109)
δ =
1
2
℘′(−x1/2)− ℘′(x1)
℘(−x1/2)− ℘(x1) . (110)
The point x1 is defined by the equation:
− 6℘(x1) = − 3
Λ
+ a2, (111)
while ω, ω′ denote the half-periods of the Weierstraß elliptic function ℘. The
equations:
4℘′(x1) =
6
Λ
, −3℘2(x1) + g2 = − 3
Λ
(a2 + e2), (112)
determine the Weierstraß invariants (g2, g3) with the result:
g2 =
1
12
(
− 3
Λ
+ a2
)2
− 3
Λ
(a2 + e2), (113)
g3 = − 1
216
(
− 3
Λ
+ a2
)3
− 3
Λ
1
6
(a2 + e2)
(
− 3
Λ
+ a2
)
− 9
4Λ2
. (114)
In terms of Jacobian elliptic functions the Heun-Fuchsian differential equa-
tion (105) acquires the form:
d2R¯
du2
+
[
(4µ1 + 1)
cnudnu
snu
− (4µ2 + 1)snudnu
cnu
− k2(4µ3 + 1)snucnu
dnu
]
dR¯
du
+
(
4αβk2sn2u− 4k2q) R¯ = 0, (115)
where the Jacobi modulus satisfies the equation:
k−2 = zr =
r+ − r−Λ
r+ − r−
r+Λ − r−
r+Λ − r−Λ
, (116)
with z = sn2(u, k). Thus we have proved the following:
Theorem 1 For the value of the scalar mass parameter: µ =
√
2Λ
3 both ra-
dial and angular Fuchsian differential equations that result from separation of
variables of the KGF equation in KNdS spacetime, are transformed into Heun’s
equations by eliminating the singularity at z∞.
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Therefore both equations can be solved in closed analytic form in terms of
general Heun functions. Radial R¯(z) and angular parts S¯(z) can be expressed
locally in terms of Heun functions: Hl(ai, qi;αi, βi, γi, δi; z), i = R¯, S¯. As we
saw in section 3.0.1 using the concept of augmented convergence the angular
equation can be solved in terms of an infinite series of Jacobi polynomials which
converges inside the ellipse with foci at z = 0 and z = 1 passing through the
point z3 with possible exception of the line connecting the two foci. We also
mentioned how the separability constant Klm can in principle be determined in
a compatible way with augmented convergence.
5.1 Solution of the massive radial equation in KNdS space-
time in the ellipse with foci at the event and Cauchy
horizons
We will apply the theory of augmented convergence of section 3.0.1 to the mas-
sive radial equation for a charged scalar in KNdS spacetime with µ =
√
2Λ
3 .
The solution convergent in the ellipse with foci at z = 0, 1 which correspond to
r = r−, r+, respectively is given by
R¯ν(z) =
+∞∑
̺=−∞
cν̺uν+̺(z), (117)
uν(z) = F (−ν, ν + 2(µ1 + µ2) + 1, 2µ1 + 1, z) (118)
The expansion coefficients cν̺ are determined by the recurrence relation (33)
written as follows:
Dν̺c
ν
̺+1 + E
ν
̺ c
ν
̺ + F
ν
̺ c
ν
̺−1 = 0, (119)
where
Dν̺ = −
(ν + ̺+ δ)(ν + ̺+ 1)(ν + ̺+ 1 + ω − α)(ν + ̺+ 1 + ω − β)
(2ν + 2̺+ ω + 2)(2ν + 2̺+ ω + 1)
, (120)
F ν̺ = −
(ν + ̺− 1 + ω)(ν + ̺− 1 + γ)(ν + ̺− 1 + α)(ν + ̺− 1 + β)
(2ν + 2̺+ ω − 2)(2ν + 2̺+ ω − 1) , (121)
Eν̺ =
Jν̺
(2ν + 2̺+ ω + 1)(2ν + 2̺+ ω − 1) − zr(ν + ̺)(ν + ̺+ ω)− q, (122)
Jν̺ = [(ν + ̺)(ν + ̺+ ω) + αβ](2(ν + ̺)(ν + ̺+ ω) + γ(ω − 1))
+ ε(ν + ̺)(ν + ̺+ ω)(γ − δ) (123)
The radial solution is expressed as a series, where ̺ runs from −∞ to ∞,
because ν /∈ Z, since the separation constant Klm is fixed from the angular
solution and the parameter ν is determined by the corresponding in the radial
case transcendental equation (51). A more detailed account of the solution will
be given elsewhere.
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An interesting research path will be to construct radial solutions for the
massive charged scalar particle which are valid not only inside an ellipse with
foci at z = 0 and 1, but also at the cosmological horizon. Such solutions will
be valid in all regions of r and they should satisfy certain boundary conditions.
The construction of such radial solutions is further motivated for the following
reason. As has been argued by the authors in [57],[58] there is a clear possibility
to distinguish in the KdS spacetime the region corresponding to gravitational
binding and the region of cosmic repulsion where gravitational binding is not
possible. These regions are separated by the so called static radius where the
KdS spacetime is very close to the flat spacetime [57],[58]. For instance for Milky
Way this static radius was estimated to be ∼ 11Kpc [58]. By constructing such
radial solutions valid in all regions of r we will be able to look for possible
signature of the static radius in the behaviour of the scalar massive field in
the KdS and KNdS spacetimes. The investigation of this very interesting issue
is beyond the scope of the present paper and it will be a subject of a future
publication.
5.2 Exact solutions of angular and radial equations for a
massive charged particle in the Kerr-Newman space-
time
5.2.1 Solution of angular KGF equation for a massive charged par-
ticle in the KN spacetime
Assuming vanishing cosmological constant the separated part due to angular
differential equation is given by Eqn.(13) setting Λ = 0. The angular differential
equation becomes:[
(1 − x2) d
2
dx2
− 2x d
dx
+ (τ2 − µ2a2)x2 + −m
2
1− x2 + E
]
S = 0, (124)
where τ = aω. Applying the s-homotopic transformation for the dependent
variable:
S(z) = z
m
2 (1− z)m2 exp(2τ ′z)w(z), (125)
yields the non-symmetrical canonical form of the confluent Heun differential
equation (CHE):
w′′(z) +
(
4p+
γ
z
+
δ
z − 1
)
w′(z) +
4pαz − σ
z(z − 1) w(z) = 0, (126)
where τ ′ =
√
τ2 − µ2a2 =
√
a2ω2 − µ2a2 and the parameters of the confluent
differential equation of Heun are given by
σ := E + τ2 − µ2a2 −m(m+ 1) + 2τ ′(m+ 1), p = τ ′ (127)
α = m+ 1, (128)
γ = m+ 1, δ = m+ 1 (129)
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Thus the exact analytic solution we obtained will involve the confluent Heun
functions Hc(p, α, γ, δ, σ; z) in the notation of [39]. Several other solutions with
confluent Heun functions with appropriate parameters obtained by transfor-
mations which preserve the canonical form of the CHE can in principle be
constructed [39].
5.2.2 Exact solutions of the angular equation for a massive spin- 12
particle around a Kerr-Newman black hole
If one wants to include a spin parameter in the massive case this has to be done
separately for each value of spin for the massive particle. So the cases of the
massive Dirac equation and the massive spin 1 particles in the curved back-
grounds of the KNdS and KN black holes have to be studied on an individual
basis by solving the corresponding differential equations. Although this will be
a subject of a future publication [37] we would like to report in what follows the
first exact analytic solution of the angular differential in the KN spacetime for
a massive spin half particle. Indeed in this case the angular equation acquires
the form [30]:[
1
sin θ
d
dθ
(
sin θ
d
dθ
)
+
aµ sin θ
λ+ aµ cos θ
d
dθ
+
(
1
2
+ aω cos θ
)2
−
(
m− 12 cos θ
sin θ
)2
− 3
4
+ 2aωm− a2ω2 + aµ(
1
2 cos θ + aω sin
2 θ −m)
λ+ aµ cos θ
− a2µ2 cos2 θ + λ2
]
S(−)(θ) = 0.
(130)
Using the variable x := cos θ the previous differential equation is written:{
(1 − x2) d
2
dx2
− 2x d
dx
− aµ(1− x
2)
λ+ aµx
d
dx
+
aµ(x2 + aω(1− x2)−m)
λ+ aµx
+ a2(ω2 − µ2)x2 + aωx− 1
4
+ λ2 + 2amω − a2ω2 + −m
2 +mx− 14
1− x2
}
S− = 0. (131)
Equation (131) possess three finite singularities at the points x = ±1, x =
−λ/aµ which we denote using the triple:(a1, a2, a3) = (−1,+1,−λ/aµ). Apply-
ing the transformation of the independent variable:
z =
x− a1
a2 − a1 =
x+ 1
2
, (132)
results in transforming a1, a2 into 0, 1 while the remaining singularity a3 is
transformed to z = z3:
z3 =
a3 − a1
a2 − a1 =
−λ/aµ+ 1
2
. (133)
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In terms of the new variable z the Fuchsian differential equation (131) becomes:{
d2
dz2
+
[
1
z
+
1
z − 1 −
1
z − z3
]
d
dz
+ 4a2(µ2 − ω2) + a
2(µ2 − ω2)
z − 1 −
a2(µ2 − ω2)
z
+
1
16
−4m2 − 4m− 1
z2
+
1
8
4m2 + 1
z − 1 +
1
16
−4m2 + 4m− 1
(z − 1)2 +
1
8
−4m2 − 1
z
+
1
4
8aωz23 − 8aωz3 + 2m− 2z3 + 1
z3(z3 − 1)(z − z3) +
−2m+ 1
(z − 1)(−4 + 4z3) +
1
4
2m+ 1
z3z
+
1
4
4a2ω2 − 8amω − 4aω − 4λ2 + 1
z − 1 +
1
4
−4a2ω2 + 8amω − 4aω + 4λ2 − 1
z
}
S(z) = 0.
(134)
Let us calculate the exponents of the singularities. The indicial equation for the
z = 0 singularity is:
F (r) = r(r − 1) + r − 1
4
(
m+
1
2
)2
= 0, (135)
with roots: rz=01,2 = ± 12 |m+1/2|. Likewise the exponents at the singularities z =
1, z = z3 are computed to be: { |m−
1
2 |
2 ,−
|m− 12 |
2 }, {0, 2} respectively. Applying
the index transformation for the dependent variable S:
S(z) = zα1(z − 1)α2(z − z3)α3 S¯(z), (136)
where α1 =
1
2 |m+ 1/2|, α2 = 12 |m− 1/2| and α3 = 0 yields the Heun equation:{
d2
dz2
+
[
2α1 + 1
z
+
2α2 + 1
z − 1 +
−1
z − z3
]
d
dz
+
αβz − q
z(z − 1)(z − z3)
}
S¯(z) = 0, (137)
where for instance the auxiliary parameter q is computed in terms of the physical
parameters and the separation constants to be:
q = −z3
{
−a2(µ2 − ω2) + 1
8
(−4m2 − 1) + 2m+ 1
4z3
+
−4a2ω2 + 8maω − 4aω + 4λ2 − 1
4
− α2 − α3
z3
− α1 + α1
z3
− 2α1α2 − 2α1α3
z3
}
(138)
Equation (137) is a Heun equation with a singular point z3 with exponents
(0, 2). Thus if the condition (69) for the absence of logarithmic terms in the
local expansion around the singular point is satisfied it follows that the point
z3 is an apparent singularity and the theory of false singularity of section 4
applies. Then the exact solution of (137) simplifies and it is expressed in terms
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of Gauß hypergeometric function see appendix B, equation (255). Of course
if the conditions for a false singular point are not all satisfied an independent
solution will be given locally in terms of general Heun functions of the form
in Eqn(238). A more detailed account of the exact solutions of the angular
and radial Fuchsian wave equations for a massive spin half particle in rotating
charged black hole backgrounds will be reported elsewhere [37].
5.2.3 Conditions for expanding the confluence Heun function solu-
tion of the angular equation KN spacetime in terms of the
Kummer confluent hypergeometric functions
Following the work in [50] we would like to obtain conditions on the parame-
ters of the exact solution for the angular equation for a massive particle in KN
spacetime in terms of the confluent Heun function HC(p, α, γ, δ, σ; z), obtained
in the previous section, such that the solution of the confluent Heun equation
(126), can be expanded in terms of the Kummer confluent hypergeometric func-
tions F (α, γ, z) :=
∑∞
ν=0
(α)νz
ν
(γ)νν!
. In other words we are interested in obtaining
expansions of the form
w =
∑
µ
aµwµ, wµ = F (αµ, γµ, s0z) (139)
This will be useful also for the exact solution of the radial part of the Klein-
Gordon-Fock equation for a massive scalar particle. As we shall see in the
next section in that case the exact solution will be given by the confluent Heun
function which satisfies a slightly more general differential equation than (126).
Namely:
w′′ +
(
γ
z
+
δ
z − 1 + ε
)
w′ +
αz − q
z(z − 1)w = 0. (140)
The difference is that the parameters ε, α are independent. Thus the results
of this section will also be useful for the exact solution of the radial equation
for a massive scalar particle in the Kerr-Newman spacetime which is derived in
section 5.3.
The Kummer confluent hypergeometric function F (α, γ, t) satisfies the dif-
ferential equation
t
d2y
dt2
+ (γ − t)dy
dt
− αy = 0 (141)
which for a independent variable t = s0z and dependent y = wµ can be written
w′′µ +
(γµ
z
− s0
)
w′µ −
αµs0
z
wµ = 0 (142)
We shall investigate the case in which the parameters of the confluent Kummer
hypergeometric function are given as follows [50]:
αµ = α0 + µ, γµ = γ0 = constant, µ ∈ Z, (143)
26
in other words the expansion Kummer functions are of the form wµ = F (α0 +
µ, γ0, s0z). Now the expansion functions obey some recurrence relations: Using
the expansions:
αµwµ+1 = αµ
[
1 +
(α0 + µ+ 1)zs0
γ01!
+
(α0 + µ+ 1)(α0 + µ+ 2)z
2s20
(γ0 + 1)γ02!
+ · · ·
]
(αµ − γ0)wµ−1 = αµ
[
1 +
α0 + µ− 1
γ0
zs0 +
(α0 + µ− 1)(α0 + µ)z2s20
γ0(γ0 + 1)2!
+ · · ·
]
(γ0 − 2αµ)wµ =
[
1 +
(α0 + µ)zs0
γ01!
+
(α0 + µ)(α0 + µ+ 1)z
2s20
γ0(γ0 + 1)2!
+ · · ·
]
(144)
one obtains the recurrence relations
s0zwµ = (αµ − γ0)wµ−1 + (γ0 − 2αµ)wµ + αµwµ+1, (145)
zw′µ = αµ(wµ+1 − wµ) (146)
Combining the last two equations one obtains:
s0z
2w′µ = αµ[(αµ + 1)wµ+2 + wµ+1(γ0 − 3αµ − 2)
+ wµ(3αµ + 1− 2γ0) + (γ0 − αµ)wµ−1]. (147)
Substituting the expansions (139) into the confluence Heun differential equation
(140) we obtain∑
µ
aµ{[z2(ε+ s0) + z(−ε− s0 + γ + δ − γ0) + γ0 − γ]w′µ
+ [(αµs0 + α)z − (q + αµs0)]wµ} = 0. (148)
Since w′µ is not expressed as a linear combination of the functions wµ it is
demanded that γ0 − γ = 0 [50]. Substituting Eqs.(145)-(147) into Eq.(148) we
obtain:∑
µ
aµ{zεαµ(wµ+1 − wµ) + αµ(αµ + 1)wµ+2
− αµ(2αµ + 2− γ0)wµ+1 + αµ(αµ − γ0 + 1)wµ
+ (δ − ǫ)αµ(wµ+1 − wµ)− s0αµ(wµ+1 − wµ) + αzwµ − qwµ − αµs0wµ} = 0
(149)
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where the coefficients are calculated to be
coefficient of wµ+2 : Sµ :=
(s0 + ε)αµ(αµ + 1)
s0
(150)
coefficient of wµ+1 : Pµ :=
αµ
s0
[−(ε+ s0)(−γ + 2αµ + 2− δ − ε)− (ε+ s0)2 + α− ε(αµ + δ)]
(151)
coefficient of wµ : Qµ :=
(γ − 2αµ)(α − εαµ) + αµ(αµ − γ + 1)(ε+ s0) + s0(αµ(ε− δ)− q)
s0
(152)
coefficient of wµ−1 : Rµ =
(αµ − γ)(α− εαµ)
s0
(153)
Thus we end up with a four-term recurrence relation for the coefficients aµ:
Rνaν +Qν−1aν−1 + Pν−2aν−2 + Sν−3aν−3 = 0. (154)
If we set s0 = −ε-removing in this way the z2 dependence in the coefficient
of w′µ in Eq.(148)-then the four-term recurrence relation becomes a three-term:
Rνaν +Qν−1aν−1 + Pν−2aν−2 = 0, (155)
where
Rν = (αν − γ)(αν − α
ε
), (156)
Qν = (αν − α
ε
)(γ − 2αν) + αν(ε− δ)− q, (157)
Pν = αν [(αν + δ)− α
ε
]. (158)
The initial conditions for left-hand side termination of the derived series at ν = 0
are a−2 = a−1 = 0. As a result R0 = 0. This is possible if α0 = γ or α0 = αε .
Then the final expression is written explicitly as follows:
w =
∞∑
ν=0
aνF (α0 + ν, γ,−εz) (159)
and the coefficients of the recurrence take the form
Rµ = (α0 + µ− γ)(α0 + µ− α/ε) (160)
Qµ = (α0 + µ− α/ε)(γ − 2α0 − 2µ) + (α0 + µ)(ε− δ)− q (161)
Pµ = (α0 + µ)((α0 + µ+ δ)− α/ε) (162)
The expansion is valid if ε 6= 0 and γ 6∈ Z−. The expansion (159) is right-hand
terminated for some ν = N if aN 6= 0 and aN+1 = aN+2 = 0. Then, it should
be PN = 0. If α0 = α/ε, the condition PN = 0 is satisfied if
α0 = −N ⇒ α/ε = −N, or δ = −N (163)
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If α0 = γ, the only possibility since γ ∈ Z+, is:
γ + δ +
(
−α
ε
)
= −N. (164)
For each of these cases, there are N + 1 values of q for which the termination
occurs. Indeed, for N = 1 we get the relations
R1a1 +Q0a0 = 0⇒ a1 = −Q0a0
R1
, (165)
and Q0 = α0(ε− δ)− q, R1 = (1 + α0 − γ)(1 + α0 − α/ε) = 1 + α0 − γ. In this
case these values are determined from the condition
Q1a1 + P0a0 = 0, (a2 = 0), (166)
where P0 = α0δ,Q1 = (α1 − αε )(γ − 2α1) + α1(ε− δ)− q, consequently[
(α1 − α
ε
)(γ − 2α1) + α1(ε− δ)− q
] [
− (α0(ε− δ)− q)a0
1 + α0 − γ
]
+α0δa0 = 0 (167)
while for N = 2 these values are determined from the condition:
Q2a2 + P1a1 = 0, (a3 = 0) (168)
while from the equation R2a2 +Q1a1 + P0a0 = 0 we solve for a2
R2a2 +Q1a1 + P0a0 = 0⇒ a2 = −Q1a1 − P0a0
R2
= −
[
(α1 − αε )(γ − 2α1) + α1(ε− δ)− q
] [− (α0(ε−δ)−q)a01+α0−γ ]− P0a0
R2
(169)
and
Q2 = 2(γ − 2α0 − 4) + (α0 + 2)(ε− δ)− q (170)
5.3 Exact solution of the radial equation for a massive
scalar particle in the Kerr-Newman spacetime
5.3.1 case I: Neutral massive scalar particle
In this subsection we will derive the exact solution of the radial part of the
KGF equation for a massive particle in the Kerr-Newman spacetime. The radial
equation in this case is given by:
∆KN
d
dr
(
∆KN
dR
dr
)
+
[
ω2(r2 + a2)2 − 4Maωmr + 2e2aωm− µ2r2∆KN
+m2a2 − (ω2a2 + Klm)∆KN − 2eqr[(r2 + a2)ω − am] + e2q2r2
]
R = 0 (171)
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where ∆KN is obtained by setting Λ = 0 in equation (3). Assume initially an
electrically neutral particle (q = 0). Introducing a new independent variable x
through:
Mχ = r − r+, r± =M ±Md, (172)
the radial equation takes the form:
d
dχ
[
χ(χ+ 2d)
dR
dχ
]
+
[
ω2
M2χ(χ+ 2d)
{M2[(χ+ d+ 1)2 − (d2 − 1)]− e2}2 + 2e
2aωm
M2χ(χ+ 2d)
− 4aωm(χ+ d+ 1)
χ(χ+ 2d)
− µ2M2(χ+ d+ 1)2 + m
2a2
M2χ(χ+ 2d)
− (ω2a2 +Klm)
]
R = 0,
(173)
where the following relations are also valid:
∆KN =M2χ(χ+ 2d), ∆KN + 2Mr =M2(χ+ d+ 1)2 −M2(d2 − 1) (174)
Using the change of variables
R(χ) = Z(χ)(χ(χ + 2d))−1/2, (175)
the radial equation acquires the form:
d2Z
dχ2
+ Z
{
(ω2 − µ2)M2 + 1
M2χ2(χ+ 2d)2
((ω2[M44(χ+ d+ 1)2 + 4M4(χ+ d+ 1)χ(χ+ 2d)
− 2e2M2[χ(χ+ 2d) + 2(χ+ d+ 1)] + e4]
− 4aωmM2(χ+ d+ 1) + 2e2aωm− µ2M4[2χ+ (d+ 1)2]χ(χ+ 2d)
+m2a2 − (ω2a2 +Klm)M2χ(χ+ 2d) + d2M2))
}
= 0. (176)
Using the partial fractions technique the previous differential equation is written:
d2Z
dχ2
+
[
M2(ω2 − µ2) + 1
M2
{
A
χ2
+
B
χ
+
C
(χ+ 2d)2
+
D
χ+ 2d
}]
Z = 0, (177)
30
where the coefficients are calculated to be:
A =
d2M2 + (am+ (−2(1 + d)M2 + e2)ω)2
4d2
, (178)
B =
1
4d3
(−a2m2 + d2M2(−1− 2Klm − 2(1 + d)2M2µ2) + 2am(2M2 − e2)ω
− (2a2d2M2 − 4(1 + d)2(−1 + 2d)M4 + 4(−1 + d2)M2e2 + e4)ω2) (179)
C =
d2M2 + (am+ (2(−1 + d)M2 + e2)ω)2
4d2
(180)
D =
1
4d3
(d2M2(1 + 2Klm + 2(−1 + d)2M2µ2) + 2am(−2M2 + e2)ω
+ (4(−1 + d)2(1 + 2d)M4 + 4(−1 + d2)M2e2 + e4)ω2 + a2(m2 + 2d2M2ω2))
(181)
Using a change in the independent variable
ζ = − χ
2d
, (182)
equation (177) reduces to a normal form of the confluent Heun equation [39]:
d2Z
dζ2
+
[
4d2M2(ω2 − µ2) + 1
M2
(
A
ζ2
+
−2dB
ζ
+
C
(ζ − 1)2 +
−2dD
ζ − 1
)]
Z = 0
(183)
We have arrived in the equation:
d2w
dζ2
+
dw
dζ
[
1
ζ
+
1
ζ − 1
]
+ w(ζ)
{(
A
M2
− 1
4
)
1
ζ2
+
(
C
M2
− 1
4
)
1
(ζ − 1)2
+
(−2dB
M2
− 1
2
)
1
ζ
+
(−2dD
M2
+
1
2
)
1
ζ − 1 + 4d
2M2(ω2 − µ2)
}
= 0 (184)
The indicial equation for the exponentials of the singular points at ζ = 0 and
ζ = 1 is
r(r − 1) + r +B′i = 0, i = 1, 2 (185)
with the roots µ
(1,2)
i = ±i
√
B′i or
2µ
(1,2)
1 = ±2i
√
B′1 = ±
i
M
√
4A−M2, (186)
2µ
(1,2)
2 = ±2i
√
B′2 = ±
i
M
√
4C −M2 (187)
We now apply the homotopic transformation of the dependent variable
w(ζ) = eνζ
2∏
i=1
(ζ − ζi)µiY (ζ) = e±2iζdM
√
ω2−µ2ζµ1(ζ − 1)µ2Y (ζ)
= e±2iζdM
√
ω2−µ2ζ
±i
2M
√
4A−M2(ζ − 1) ±i2M
√
4C−M2Y (ζ) (188)
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where ν± := ±2idM
√
ω2 − µ2, which yields the confluent Heun equation
Y ′′(ζ) +
(
α+
γ
ζ
+
δ
ζ − 1
)
Y ′(ζ) +
wζ − σ
ζ(ζ − 1)Y (ζ) = 0 (189)
The parameters of the confluent equation are given by
α± = 2ν± = ±4idM
√
ω2 − µ2, γ± = 1± i
M
√
4A−M2, δ± = 1± i
M
√
4C −M2,
(190)
σ± =
(−2dB
M2
− 1
2
)
+
1
2
± 4idM
√
ω2 − µ2
2
(
1± i
M
√
4A−M2
)
− 1
2
(
1± i
M
√
4A−M2
)(
1± i
M
√
4C −M2
)
(191)
w± =
−2d
M2
(B +D)± 4idM
√
ω2 − µ2 ± 4idM
√
ω2 − µ2
2
[
± i
M
√
4A−M2 ± i
M
√
4C −M2
]
(192)
Summarising an exact solution of the radial KGF equation for a massive neutral
particle in the KN black hole spacetime is the following:
R(ζ) = M√
∆KN
e−2idM
√
ω2−µ2ζζ
1
2− i2M
√
4A−M2(ζ − 1) 12− i2M
√
4C−M2Hc(α−, w−, γ−, δ−, σ−, ζ) .
(193)
The parameters of the confluent Heun function Hc(α−, w−, γ−, δ−, σ−, ζ) are
given in (190)-(192), while ∆KN denotes the radial quartic polynomial ∆KNr
for Λ = 0. If we want to apply the theory of the previous section in our exact
solution, as expressed in equations (189) and (193), and wish to constrain the
parameters of the theory so that the solution can be simplified and written in
terms of the confluent Kummer hypergeometric functions we derive that the
series expansion of confluent Heun functions in terms of F (α0 + µ, γ0, s0ζ) is
right hand terminated if
δ± = −N or w±
α±
= −N (194)
Also if α0 = γ the series is right hand terminated if
γ± + δ± +
(
−w±
α±
)
= −N (195)
5.3.2 Asymptotic solutions at infinity
Using expansions for large χ, χ→∞ we obtain:
C
(χ+2d)2 = C
[
1
χ2 − 4dχ3 + · · ·
]
, (196)
D
χ+2d = D
[
1
χ − 2dχ2 + · · ·
]
(197)
d2Z
dχ2 =
[
M2(µ2 − ω2)− 1M2
(
A+C−2dD
χ2 +
B+D
χ
)
+O
(
1
χ3
)]
Z (198)
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Introducing the variable ξ = 2M(µ2 − ω2)1/2χ in the large χ limit the radial
differential equation reduces to the Whittaker differential equation [43]:
d2Z
dξ2
=
(
1
4
− k
ξ
+
m2 − 14
ξ2
)
Z, (199)
with the parameters of the Whittaker equation determined in terms of the phys-
ical and separation parameters as follows:
k =
B +D
2M3
√
µ2 − ω2
,
1
4
−m2 = 1
M2
[A+ C − 2dD]. (200)
Standard solutions of (199) are
Mk,m(ξ) = e
−ξ/2ξm+1/2M(m− k + 1
2
, 2m+ 1, ξ), (201)
Wk,m(ξ) = e
−ξ/2ξm+1/2U(m− k + 1
2
, 2m+ 1, ξ). (202)
The large χ limit is characterized by:
Wk,m(ξ) ∼ e−ξ/2ξk (ξ →∞, |Arg(ξ)| ≤ 3
2
π − δ1) (203)
Thus as χ→∞ so r → ∞ and asymptotically the solutions of the radial KGF
equation are
R(r) ∼ M√
∆KN
e−ξ/2ξk ⇒
R(r) ∼ M√
∆KN
e−
√
µ2−ω2(r−r+)[2(µ2 − ω2)1/2(r − r+)]
B+D
2M3
√
µ2−ω2 . (204)
5.3.3 The limit χ→ 0 ≡ r → r+
In this case expanding the C and D terms in (177) for small χ and neglecting
terms of O(χ) one obtains the Whittaker differential equation:
d2Z
dη2
=
(
1
4
− kh
ξ
+
m2h − 14
η2
)
Z, (205)
with
kh =
B
2M2
√
M2(µ2 − ω2)− C
4M2d2
− D
2M2d︸ ︷︷ ︸
=:
√F
, m2h =
1
4
− A
M2
(206)
In this case the first solution of (205) is written in terms of the confluent Kummer
hypergeometric function
Mkh,mh(η) = e
− 12ηη
1
2+mhF (mh +
1
2
− kh, 2mh + 1, η) (207)
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where η = 2
√Fχ. Near the event horizon limit
Mkh,mh(η) ∼ η
1
2+mh , η → 0 (208)
or in terms of the original variables and expanding the Kummer hypergeometric
function [31]
R(r) ∼ M√
∆KN
e−
√
F (r−r+)
M
(
2
√
F (r − r+)
M
) 1
2+mh
, r → r+ (209)
5.3.4 Case II: Charged massive scalar particle
In this subsection we derive the exact solution of Eqn.(171) in the Kerr-Newman
spacetime for q 6= 0, i.e for a charged massive particle. Following similar steps
with previous sections we arrive at the equation:
d2Z
dχ2
+ Z
{
(ω2 − µ2)M2 + 1
M2χ2(χ+ 2d)2
((ω2[M44(χ+ d+ 1)2 + 4M4(χ+ d+ 1)χ(χ+ 2d)
− 2e2M2[χ(χ+ 2d) + 2(χ+ d+ 1)] + e4]
− 4aωmM2(χ+ d+ 1) + 2e2aωm− µ2M4[2χ+ (d+ 1)2]χ(χ+ 2d)
+m2a2 − (ω2a2 +Klm)M2χ(χ+ 2d) + d2M2
− 2eqM3χ(χ+ 2d)(χ+ d+ 1)ω − 4eqM3(χ+ d+ 1)2ω + 2e3qM(χ+ d+ 1)ω+
+ 2eqM(χ+ d+ 1)am+ e2q2M2[χ(χ+ 2d) + 2χ+ (d+ 1)2])
}
= 0. (210)
Using the partial fractions technique the previous differential equation is written:
d2Z
dχ2
+
[
M2(ω2 − µ2) + 1
M2
{
A′
χ2
+
B′
χ
+
C′
(χ+ 2d)2
+
D′
χ+ 2d
}]
Z = 0, (211)
A′ = A− 1
4d2
(−e2q2M2(1 + d)2 + 4eM3qω(1 + d)2 − 2e3qMω(d+ 1))
B′ = B − 1
4d3
(
2aemMq + e2M2q2(1− d2) + 2d2M4µ2(1 + d)2 + 4eM3qω(d3 + 2d2 − 1) + 2e3qMω)
C′ = C − 1
4d2
(
2aeqmM(d− 1)− e2q2M2(1− d)2 + 4eqM3ω(d− 1)2 + 2e3qMω(d− 1))
D′ = D − 1
4d3
(−2aeqmM − e2q2M2(1− d2)− 2d2M4µ2(d− 1)2 + 4eqωM3(1− 2d2 + d3)− 2e3qMω)
(212)
Following similar steps as in the previous section the exact solution of the radial
part of the KGF differential equation for a massive charged particle in the KN
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black hole spacetime will involve the confluent Heun function. A particular
exact solution is
R(ζ) = M√
∆KN
e−2idM
√
ω2−µ2ζζ
1
2− i2M
√
4A′−M2(ζ − 1) 12− i2M
√
4C′−M2Hc(α′−, w
′
−, γ
′
−, δ
′
−, σ
′
−, ζ).
(213)
where
α′± = ±4idM
√
ω2 − µ2, γ′± = 1±
i
M
√
4A′ −M2, δ′± = 1±
i
M
√
4C′ −M2,
(214)
σ′± =
(−2dB′
M2
− 1
2
)
+
1
2
+
±4idM
√
ω2 − µ2
2
(
1± i
M
√
4A′ −M2
)
− 1
2
(
1± i
M
√
4A′ −M2
)(
1± i
M
√
4C′ −M2
)
(215)
w′± =
−2d
M2
(B′ +D′)± 4idM
√
ω2 − µ2 ± 4idM
√
ω2 − µ2
2
[
± i
M
√
4A′ −M2 ± i
M
√
4C′ −M2
]
,
(216)
the variable ζ is given in (182) and we can write the exact solution also in
terms of the confluent Heun function, HeunC(αM, βM, γM, δM, ηM, ζ), defined in
Maple. The correspondence among the parameters of the two functions Hc and
HeunC is:
Hc(α′−, w
′
−, γ
′
−, δ
′
−, σ
′
−, ζ)→ HeunC (αM, βM, γM, δM, ηM, ζ)
α′− = αM, γ
′
− = 1 + βM, δ
′
− = 1 + γM, δM = −
2d
M2
(B′ +D′), ηM =
1
2
+
2dB′
M2
σ′− = −ηM +
1
2
+
αM
2
(1 + βM)− 1
2
(1 + βM)(1 + γM)
w′− = δM + αM +
αM
2
(βM + γM) (217)
Using the Maple implemented Heun function, HeunC, a general solution for the
radial equation of a charged massive particle in KN spacetime over the range
0 ≤ ζ <∞ can be written:
R(ζ) =
M√
∆KN
e
1
2αMζζ
1
2 (1+βM)(ζ − 1) 12 (1+γM){c1HeunC(αM, βM, γM, δM, ηM, ζ)
+ c2ζ
−βMHeunC(αM,−βM, γM, δM, ηM, ζ)} (218)
with c1, c2 constants. For zero electric charge (i.e. q = 0) of the massive particle,
(218) reduces correctly to the result in [36].
Constraining the parameters of the theory so that the solution when ex-
panded in terms of the confluent Kummer hypergeometric functions is right
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hand terminated we derive the conditions:
δ′± = 1±
i
M
√
4C′ −M2 = −N or (219)
w′±
α′±
=
−2d
M2 (B
′ +D′)± 4idM
√
ω2 − µ2 ± 4idM
√
ω2−µ2
2
[± iM√4A′ −M2 ± iM√4C′ −M2]
±4idM
√
ω2 − µ2
= −N
(220)
Also if α0 = γ
′ the series is right hand terminated if
γ′± + δ
′
± +
(
−w
′
±
α′±
)
= −N (221)
5.3.5 Asymptotic solutions at infinity-r →∞
Using similar expansions as in (198), for large χ, we bring the radial equation
(211) into the Whittaker’s form. The solutions then far from the event horizon
will involve the Kummer and Tricomi confluent hypergeometric functions with
parameters modified by the electric charge of the scalar particle. Using the
important asymptotic series of the Tricomi function (b = 1 + a− c) [67]:
U(a, c, ξ) ∼ ξ−a
[
1− ab
ξ
+
a(a+ 1)b(b+ 1)
2!ξ2
− · · ·
]
=
1
ξa
∑
ν=0
(a)ν(b)ν
(1)ν
(−1
ξ
)ν
ξ large
(222)
yields
Wk,m(ξ) ∼ e−ξ/2ξk
[
1 +
m2 − (k − 12)2
ξ
+
(m2 − (k − 12)2)(m2 − (k − 32)2)
2!ξ2
+ · · ·
]
(223)
Thus we find as χ→∞⇔ r →∞ the solutions of the radial KGF equation
for a massive charged particle are:
R(r) ∼ M√
∆KN
e−
√
µ2−ω2(r−r+)[2(µ2 − ω2)1/2(r − r+)]
B′+D′
2M3
√
µ2−ω2 (224)
where the particles electric charge contribution is through the factors B′, D′.
SinceW−k,m(−ξ) forms another independent solution of the Whittaker equation
we also have that as r →∞
R(r) ∼ M√
∆KN
e+
√
µ2−ω2(r−r+)[−2(µ2 − ω2)1/2(r − r+)]
− B′+D′
2M3
√
µ2−ω2 (225)
We can also obtain the far horizon limit of our closed form analytic radial
solutions as follows. The CHE (189) is a differential equation with an irregular
singularity at infinity. Following the discovery of Thome´ that such a differential
equation can be satisfied in the neighbourhood of an irregular singularity by a
series of the form [67]
Y = eλζζµ
∞∑
s=0
as
ζs
(226)
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we determine the exponential parameters λ, µ for the case of CHE to be:
λ1 = 0, µ1 = −
w′−
α′−
= −
[
δM
αM
+
1
2
(2 + βM + γM)
]
(227)
λ2 = −α′− = −αM, µ2 =
[
−(γ′− + δ′−) +
w′−
α′−
]
=
δM
αM
− 1
2
(2 + βM + γM)
(228)
Thus for r →∞
Hc(α
′
−, w
′
−, γ
′
−, δ
′
−, σ
′
−, ζ) ∼

 ζ
−w
′
−
α′
−
e−α
′
−ζζ
−(γ′−+δ′−)+
w′
−
α′
−
⇔
HeunC(αM, βM, γM, δM, ηM, ζ) ∼

 ζ
−
[
δM
αM
+ 12 (2+βM+γM)
]
e−αMζζ
δM
αM
− 12 (2+βM+γM)
Thus in terms of the original variables we find:
R(r) ∼


M√
∆KN
e−
√
µ2−ω2(r−r+)
(
− r−r+2Md
) (B′+D′)
2M3
√
µ2−ω2
M√
∆KN
e+
√
µ2−ω2(r−r+)
(
− r−r+2Md
)− (B′+D′)
2M3
√
µ2−ω2
(229)
Our results in (229) for q = 0 (i.e. neutral massive scalar field) reduce cor-
rectly to the result in [36]. When we compare the results in (229) with the
results in (224),(225) we see they differ slightly. The are equivalent, except for
a multiplicative constant.
5.3.6 The near event horizon limit-χ→ 0⇔ r → r+
By expanding the C′, D′ in (211) we derive for small χ-and neglecting terms of
O(χ)-a Whittaker’s differential equation:
d2Z
dη′2
=
[
1
4
− 1
M2
(
A′
η′2
+
B′
2
√F ′
1
η′
)]
Z (230)
where
F ′ =M2(µ2 − ω2)− C
′
4M2d2
− D
′
2M2d
, η′ := 2
√
F ′χ (231)
and with the parameters k′ := B
′
2M2
√
F ′ , m
′2
h := 1/4 − A
′
M2 . Near the event
horizon limit and expanding Kummer’s confluent hypergeometric function which
is involved in the solution of Whittaker’s equation we find:
Mk′,m′
h
(η′) = e−
η′
2 η′
1
2+m
′
hF (m′h+
1
2
−k′, 2m′h+1, η′) = e−
η′
2 η′
1
2+m
′
h
∞∑
ν=0
(m′h +
1
2 − k′)ν
(2m′h + 1)ν
η′ν
ν!
(232)
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R(r) ∼


M√
∆KN
e−
√F ′ (r−r+)
M
(
2
√F ′ (r−r+)M
) 1
2+m
′
h
, r → r+
M√
∆KN
e−
√F ′ (r−r+)
M
(
2
√F ′ (r−r+)M
) 1
2−m′h
, r → r+
(233)
We can also use the convergent power series for the confluent function in the
vicinity of ζ = 0 to derive the near event horizon limit:
Hc(α
′
−, w
′
−, γ
′
−, δ
′
−, σ
′
−, ζ) =
∞∑
k=0
ckζ
k = 1 +
σ′−
−γ′−
ζ +
−(−α′− + γ′− + δ′−)σ′− + σ′2− + w′−γ′−
2γ′−(1 + γ
′
−)
ζ2 + · · ·
(234)
R(r) ∼


M√
∆KN
[
− (r−r+)2dM
] 1
2− i2M
√
4A′−M2
M√
∆KN
[
− (r−r+)2dM
] 1
2+
i
2M
√
4A′−M2 (235)
Our results in (235) for q = 0 (i.e. neutral massive scalar field) reduce correctly
to the result in [36]. When we compare our results in (235) with the result in
(233) and by expanding the latter equation up to the first order in χ = (r −
r+)/M , we see that the two results agree, except for a multiplicative constant.
6 Conclusions
In this work we have derived exact analytic solutions of the KGF equation for a
massive charged scalar in the Kerr-Newman-de Sitter and Kerr-Newman black
hole spacetimes. We first derived the radial and angular Fuchsian differential
equations that result by separating variables in the general relativistic massive
KGF equation in the KN-(a)dS black hole spacetime.
The exact solutions for a massive neutral and a massive charged scalar par-
ticle in the KN black hole spacetime are expressed in terms of confluent Heun
functions. We derived conditions in the parameters of confluent Heun functions
such as the solutions can be written in terms of confluent Kummer hypergeo-
metric functions. Under certain conditions on the parameters they reduce to
a sum-with finite number of terms-of confluent Kummer hypergeometric func-
tions.
In the general case in which the cosmological constant is present the resulting
radial and angular equations are Fuchsian differential equations with more than
four regular singularities, thereby they constitute generalisation of the Heun
equation with four regular singularities. As a result the solutions will generalise
the Heun functions and local solutions. For some particular values of the scalar
mass in terms of the cosmological constant Λ the solutions can be expressed in
terms of Heun functions. For some other values of the scalar mass the extra
singular points become false or apparent singular points and again these can lead
in principle to analytic solutions in terms of Heun functions. We have derived
the conditions in the parameters of the theory such that an extra singularity
with exponents (0, 2) becomes a false singularity. In the case of a massive
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scalar particle in the KNdS black hole spacetime we have derived the elliptic
function representation for those values of the parameters for which the Fuchsian
equation becomes a Heun equation. This in principle can be generalised to the
case of a resulting Fuchsian equation with additional false singular points besides
the four regular singular points of a Heun equation.
Following recent work in the mathematical literature [60] and starting from
the equation obeyed by the derivative, Eqn.(268) we constructed several expan-
sions of the solutions of the general Heun equation in terms of the Lauricella FD
and the Appell F1 generalised hypergeometric functions of three and two vari-
ables respectively. We expect this to be of relevance also on the isomonodromy
problem of the generalised Fuchsian equations with more than four regular sin-
gularities that appeared in this work. Such an analysis is beyond the scope of
this paper and it will be a subject of a future publication.
As we mentioned in the introduction a possible application of our work will
be the computation of gravitational radiation from a hypothetical axion cloud
around a KNdS black hole. Indeed a superradiant instability [66] effectively
takes place if the Compton wavelength of the axion mass µ has the order of the
gravitational radius of a black hole. Thus an interesting application of our exact
analytic solutions of the KGF equation in the curved spacetime of a KNdS black
hole derived in this work will be the investigation of superradiant instabilities
in such gravitational backgrounds that can be used to constrain the mass of
ultralight axionic degrees of freedon- especially when combined with precision
measurements of the relativistic effects for the galactic centre SgrA* black hole
which will determine its fundamental parameters M,a, e,Λ.
Another interesting research avenue is the following. There is a deep con-
nection between a Fuchsian equation with false singular points and finite-gap
elliptic Schro¨dinger equation. It is worth exploring further generalisations of
this connection from closed form solutions of massive KGF equation in curved
BH backgrounds with false singular point(s).
We have entered a very exciting era of general relativity and the theory of
spacetime.
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A Heun’s differential equation and its elliptic
function representation
The German mathematician Karl Heun generalised in 1888 the work of Rie-
mann on Gauß hypergeometric function. He obtained a second-order differen-
tial equation with variable coefficients with four regular singularities. Namely,
he discovered the following differential equation which bears his name in its
canonical form [38]:
d2y
dz2
+
(
γ
z
+
δ
z − 1 +
ε
z − a
)
dy
dz
+
αβz − q
z(z − 1)(z − a)y = 0 (236)
In (236), y and z are regarded as complex variables and α, β, γ, δ, ε, q, a are
parameters, generally complex and arbitrary, except that a ∈ C \ {0, 1}. The
first five parameters are linked by the equation
γ + δ + ε = α+ β + 1 (237)
Heun’s equation is thus of Fuchsian type with regular singularities at the points
z = 0, 1, a,∞. The exponents at these singularities are computed through the
indicial equation to be:{0, 1− γ};{0, 1− δ};{0, 1− ε};{α, β}. The sum of these
exponents must take the value 2, according to the general theory of Fuchsian
equations. It is this fact that yielded equation (237). Its Klein-Boˆcher-Ince
formula is [0,4,0][39] . The Heun equation includes an accessory or auxiliary
parameter, namely the quantity q ∈ C, which in many applications appears as
a spectral parameter.
A.0.7 The set of local solutions and Heun functions
Following [39] we adopt the symbol ’Hl’, standing for ’Heun-local’ to represent
the series y =
∑∞
r=0 crz
r, (c0 6= 0) with the normalization c0 = 1 as follows:
Hl(a, q;α, β, γ, δ; z) (238)
It should be noted that the parameter ε does not appear explicitly in this nota-
tion, so that the Fuchs relation for Heun’s equation ε = α+ β− γ− δ+1, must
be kept in mind. Naturally, this function Hl is defined in the first instance, for
|z| < 1; its analytic continuation is an aspect of the connection problem [51]
that we will discuss further in the main text. In the first place, there are eight
local solutions of Heun’s equation, one corresponding to each of the exponents
at each of the four singularities. Next, there are 24 mappings which take threee
of the four points {0, 1, a,∞} into {0, 1,∞} so there are 192 solutions of the
Heun equation [52]. In [52] the group structure was determined, of the set of
transformations that can be applied to any normalised Fuchsian equation on
P1(C) with n singular points. This automorphsim group has order 2n−1n! and
acts on the parameter space of the equation. It is isomorphic to the Coxeter
group Dn the group of even-signed permutations of an n-set. Thus each of the
192 local solutions Hl of the Heun equation is labeled by an element of D4.
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A Heun function Hf is, by definition, a solution of Heun’s equation which is
valid in a region containing two singularities s1, s2 of the equation in the sense
that it is simultaneously a Frobenius solution about s1 corresponding to one of
the exponents there, and also a Frobenius solution about s2 corresponding to
one of the exponents there. For such a solution it is customary the term Heun
function relative to {s1, s2} [39].
A.1 The Confluent Heun Equation (CHE)
This is obtained by merging the singularity at z = a of Heun’s equation with
that at z =∞, resulting in an equation still having regular singularities at z = 0
and z = 1, and an irregular singularity of rank 1 at z =∞ [39]. Indeed, dividing
(236) by a we derive:
z(z − 1)
(z
a
− 1
)
y′′(z) +
[
γ(z − 1)
(z
a
− 1
)
+ δz
(z
a
− 1
)
+
ε
a
z(z − 1)
]
y′(z)
+
(
α
β
a
z − q
a
)
y(z) = 0. (239)
We let a→∞ and simultaneously let β, ε, q →∞ in such a way that
β
a
→ ε
a
→ −ν, q
a
→ −σ, (240)
which yields
d2y
dz2
+
[
γ
z
+
δ
z − 1 + ν
]
dy
dz
+
[
ανz − σ
z(z − 1)
]
y(z) = 0, (241)
in which γ, δ, α are the same parameters as in the original equation (236) while
ν, σ are new.
If one, following Darboux [45], applies the transformation
z = sn2(u, k), z3 = a = k
−2, (242)
obtains the elliptic function representation of Heun’s equation (236), namely
d2y
du2
+
[
(2γ − 1)cnudnu
snu
− (2δ − 1)snudnu
cnu
− k2(2ε− 1)snucnu
dnu
]
dy
du
+ (4αβk2sn2u− 4k2q)y = 0, (243)
where snu, dnu, cnu are the Jacobian elliptic functions with two periods 4mK, 4niK ′,m, n ∈
Z:
sn(u + 4mK + 4niK ′) = snu, (244)
cn(u + 4mK + 4niK ′) = cnu, (245)
dn(u + 4mK + 4niK ′) = dnu, (246)
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where
K =
∫ 1
0
dt√
(1− t2)(1 − k2t2) ,K
′ =
∫ 1/k
1
dx√
(x2 − 1)(1− k2x2) =
∫ cos−1 k
0
dθ√
cos2 θ − k2
(247)
We also used in the calculation of the elliptic representation fundamental prop-
erties of the derivatives of the Jacobian elliptic functions:
dz
du
=
d
du
sn2(u, k) = 2sn(u, k)
dsnu
du
= 2sn(u, k)cn(u, k)dn(u, k), (248)
dy
dz
=
dy
du
du
dz
=
1
2snu cnu dnu
dy
du
(249)
and
d2y
dz2
=
1
2snu cnu dnu
du
dz
d2y
du2
− 1
2sn2u cn2u dn2u
(
cn2u dn2u− sn2u dn2u− k2sn2u cn2u) du
dz
dy
du
, (250)
4z(1− z)(1− k2z)d
2y
dz2
=
d2y
du2
− (cn
2u dn2u− sn2u dn2u− k2sn2u cn2u)
snu cnu dnu
dy
du
(251)
The connection of Jacobian elliptic functions to the Weierstraßelliptic functions
can be obtained as follows. Let us suppose for instance, X = 4(x − e1)(x −
e2)(x− e3), with e1 > e2 > e3
u =
∫ ∞
x
dx√
4x3 − g2x− g3
=
∫ ∞
x
dx√
4(x− e1)(x − e2)(x− e3)
= ℘−1x
=
1√
e1 − e3 sn
−1
√
e1 − e3
x− e3
=
1√
e1 − e3 cn
−1
√
x− e1
x− e3 =
1√
e1 − e3 dn
−1
√
x− e2
x− e3 , (252)
from which we deduce:
e1 − e3
℘(u)− e3 = sn
2(u
√
e1 − e3), ℘(u)− e2
℘(u)− e3 = dn
2(u
√
e1 − e3), ℘(u)− e1
℘(u)− e3 = cn
2(u
√
e1 − e3)
(253)
B Exact solution of Heun’s differential equation
with a false singular point
Consider the Fuchsian Heun equation with a false singular point:
d2Y
dζ2
+
(
γ
ζ
+
δ
ζ − 1 +
−1
ζ − a
)
dY
dζ
+
(αβζ − q)Y )
ζ(ζ − 1)(ζ − a) = 0, (254)
42
the point ζ = a is the false singularity. The exponents at this point are equal to
0 and 2 and thus ε = −1. Using the Fuchs relation that the sum of all exponents
depend only on the number of singular points we now have that δ = 2−γ+β+α.
The differential equation (254), as was first claimed in [47], and we prove in
detail in this appendix, has the exact solution in terms of Gauß hypergeometric
function:
Y (ζ) = (1− a)(γ − 1)F (α, β, γ − 1, ζ) + (q− a(1+α+ β +αβ − γ))F (α, β, γ, ζ)
(255)
Indeed, Heun’s equation with a false singularity at ζ = a is written:
ζ(ζ−1)(ζ−a)d
2Y
dζ2
+{γ(ζ − 1)(ζ − a) + δζ(ζ − a)− ζ(ζ − 1)} dY
dζ
+(αβζ−q)Y = 0
(256)
The derivatives can be written
dY
dζ
= (1−a)αβF (α+1, β+1, γ, ζ)+(q−a(1+α+β+αβ−γ))αβ
γ
F (α+1, β+1, γ+1, ζ),
(257)
d2Y
dζ2
= (1− a)αβ (α+ 1)(β + 1)
γ
F (α+ 2, β + 2, γ + 1, ζ)
+ (q − a(1 + α+ β + αβ − γ))αβ
γ
(α+ 1)(β + 1)
γ + 1
F (α+ 2, β + 2, γ + 2, ζ),
(258)
where we used the fundamental property of Gauß hypergeometric function:
dm
dxm
F (α, β, γ, x) =
Γ(α+m)Γ(β +m)
Γ(γ +m)
Γ(γ)
Γ(α)Γ(β)
F (α+m,β +m, γ +m,x)
(259)
Now the second derivative is written:
d2Y
dζ2
=
(1 − a)αβ(α + 1)(β + 1)
γ
{
−γ(γ − 1)
(α+ 1)(β + 1)ζ
[
F (α+ 1, β + 1, γ, ζ)
− (α+ 1− γ)(β + 1− γ)ζ
γ(γ − 1)(1− ζ) F (α+ 1, β + 1, γ + 1, ζ)
+
γ(1− γ − (α+ β + 3− 2γ)ζ)
γ(γ − 1)(1− ζ) F (α+ 1, β + 1, γ, ζ)
]}
+ (q − a(1 + α+ β + αβ − γ))αβ(α + 1)(β + 1)
γ(γ + 1)
×
{
−γ(γ + 1)
(α+ 1)(β + 1)
[
F (α+ 1, β + 1, γ + 1, ζ)− F (α+ 1, β + 1, γ, ζ)
ζ
]}
(260)
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In producing the last equation we used the formulae:
F (α+2, β+2, γ+1, ζ) =
−γ(γ − 1)
(α+ 1)(β + 1)ζ
[F (α+1, β+1, γ, ζ)−F (α+1, β+1, γ−1, ζ)],
(261)
and
−F (α+ 1, β + 1, γ − 1, ζ) = −(α+ 1− γ)(β + 1− γ)
γ(γ − 1)(1− ζ) F (α+ 1, β + 1, γ + 1, ζ)ζ
+
γ(1− γ − (α+ β + 3− 2γ)ζ)
γ(γ − 1)(1− ζ) F (α+ 1, β + 1, γ, ζ)
(262)
The terms involving the first derivative can be written:
(γ(ζ − 1)(ζ − a) + δζ(ζ − a)− ζ(ζ − 1))dY
dζ
= [γ(ζ − 1)(ζ − a) + [2− γ + β + α](ζ − a)ζ − ζ(ζ − 1)](1− a)αβF (α, β, γ, ζ)
+ [γ(ζ − 1)(ζ − a) + [2− γ + β + α](ζ − a)ζ − ζ(ζ − 1)](1− a)(−α(γ − 1))F (α, β, γ, ζ)
+ [γ(ζ − 1)(ζ − a) + [2− γ + β + α](ζ − a)ζ − ζ(ζ − 1)](1− a)α(γ − 1)F (α, β, γ − 1, ζ)
+ [γ(ζ − 1)(ζ − a) + [2− γ + β + α](ζ − a)ζ − ζ(ζ − 1)](1− a)αβ(β + 1)ζ
γ
F (α+ 1, β + 2, γ + 1, ζ)
+ [γ(ζ − 1)(ζ − a) + [2− γ + β + α](ζ − a)ζ − ζ(ζ − 1)][q − a(1 + α+ β + αβ − γ)]1− γ
ζ
F (α, β, γ, ζ)
+ [γ(ζ − 1)(ζ − a) + [2− γ + β + α](ζ − a)ζ − ζ(ζ − 1)][q − a(1 + α+ β + αβ − γ)]γ − 1
ζ
F (α, β, γ − 1, ζ),
(263)
where we used the formula:
F (α+1, β+1, γ, ζ) = F (α, β, γ, ζ)+
ζα
γ
F (α+1, β+1, γ+1, ζ)+
(β + 1)ζ
γ
F (α+1, β+2, γ+1, ζ)
(264)
We further simplify matters using the formula
F (α+ 1, β + 2, γ + 1, ζ) =
γ − β − 1− αζ
(β + 1)(ζ − 1)
(−γ(γ − 1)
αβζ
)
[F (α, β, γ, ζ) − F (α, β, γ − 1, ζ)]
+
1
α(β + 1)(ζ − 1)(γ(β − γ) + (γ − α− β)γ)F (α, β, γ, ζ)
(265)
Plugging the previous formulae for the Gauß hypergeometric function in the
differential equation (256) we arrive at the result:
{−q2 + q[a(α+ β + 2αβ) + 1− γ]− aαβ[a(1 + α+ β + αβ)− γ]}F (α, β, γ, ζ) = 0
(266)
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The last equality is true since this is equivalent to the condition that the loga-
rithmic terms are absent which ensures that the point z = a is a false singularity.
Thus we proved that the exact solution of Heun equation with a false singularity,
equation (254), is given in terms of Gauß hypergeometric function by equation
(255).
C Solutions of the general Heun equation and
Appell-Lauricella hypergeometric expansions
The solution of Heun equation (236) is written as we mentioned in section
A.0.7 as y = Hl(a, q;α, β, γ, δ; z) assuming the value of ε is determined by the
Fuchsian relation.
As was first discussed in [60] the function:
v = zγ(z − 1)δ(z − a)εdy
dz
(267)
obeys the differential equation:
d2v
dz2
+
(
1− γ
z
+
1− δ
z − 1 +
1− ε
z − a −
αβ
αβz − q
)
dv
dz
+
αβz − q
z(z − 1)(z − a)v = 0 (268)
Indeed the function v satisfies:
dv
dz
= −(αβz − q)zγ−1(z − 1)δ−1(z − a)ε−1y, (269)
d2v
dz2
= − (αβz − q)
z(z − 1)(z − a)v − αβz
γ−1(z − 1)δ−1(z − a)ε−1y − (γ − 1)(αβz − q)zγ−2(z − 1)δ−1(z − a)ε−1y
− (δ − 1)(αβz − q)zγ−1(z − 1)δ−2(z − a)ε−1y − (ε− 1)(αβz − q)zγ−1(z − 1)δ−1(z − a)ε−2y
(270)
In general eqn.(268) is a Fuchsian equation having five regular singular points.
The additional singularity is located at the point z = q/(αβ) with exponents
(0, 2). It can be seen at once that in four particular cases, namely, if q = 0, q =
αβ, q = aαβ and αβ = 0, the point q/(αβ) coincides with one of already existing
singular points. Thus, in these four cases the number of singularities remain four
and Eqn.(268) represents a general Heun equation with altered parameters as
compared to eqn.(236). If we do not restrict ourselves in the above four cases,
let us consider now a power-series expansion of a point z0 of complex plane,
ordinary or singular, finite or infinite. For instance, let z0 be a finite point and
consider the following expansion:
v = (z − z0)µ
∞∑
ν=0
aν(z − z0)ν , (271)
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Substituting the series into Eqn.(267) and integrating term by term, we arrive
at the expansion:
y = C0 +
∞∑
ν=0
aν(
∫
z−γ(z − 1)−δ(z − a)−ε(z − z0)µ+νdz), (272)
where C0 is a constant. In many cases the integrals involved in this sum are
expressed in terms of the Appell hypergeometric function of two variables or
Gauß hypergeometric function [60]. As we shall also show for the first time in
some cases the integrals are expressed in closed analytic form in terms of the
Lauricella’s fourth hypergeometric function FD of three variables.
The first hypergeometric function of Appell F1(α, β, β
′, γ, x, y), is a two vari-
able hypergeometric function with variables x, y and parameters α, β, β′, γ that
admits the integral representation:∫ 1
0
uα−1(1−u)γ−α−1(1−ux)−β(1−uy)−β′du = Γ(α)Γ(γ − α)
Γ(γ)
F1(α, β, β
′, γ, x, y)
(273)
Let us embark on the proof of the above statements. The most obvious situ-
ations where the integrals are computed in closed form in terms of the Appell’s
hypergeometric function F1 is by choosing z0 as a singular point of the Heun
equation (236), that is if z0 = 0, 1, a,∞. Indeed let us work with z0 = 0, so
that the expansion (271) represents a Frobenius solution of Eqn.(268) in the
neighbourhood of its singular point z = 0:
v = zµ
+∞∑
ν=0
a(1)ν z
ν, µ = 0, γ (274)
In this case the expansion reads:
u = C0 +
∞∑
ν=0
(∫
z−γ(z − 1)−δ(z − a)−εzµ+νdz
)
(275)
Let us calculate the complex integral. We choose a parametrisation z(u) =
uz, u ∈ [0, 1] so that ∫ f(z)dz = ∫ f(z(u))z′(u)du. Then we compute:
yν =
∫
z−γ(z − 1)−δ(z − a)−εzµ+νdz
=
(−1)(−δ)
(−a)ε z
1−γ+µ+ν
∫ 1
0
u−γ+µ+ν(1− uz)−δ
(
1− uz
a
)−ε
du
=
(−1)(−δ)
(−a)ε z
γ0+ν
Γ(γ0 + ν)
Γ(γ0 + ν + 1)
F1
(
γ0 + ν, δ, ε, 1 + γ0 + ν, z,
z
a
)
(276)
where we suppose |z| < 1 < |a| and we defined γ0 := 1 − γ + µ. Thus we get
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the series:
y = C0 +
∞∑
ν=0
a(1)ν yν = C0 +
∞∑
ν=0
a(1)ν
(−1)(−δ)
(−a)ε z
γ0+ν 1
γ0 + ν
F1
(
γ0 + ν, δ, ε, 1 + γ0 + ν, z,
z
a
)
⇒
Hl(a, q;α, β, γ, δ; z) = C0 +
∞∑
ν=0
a(1)ν
(−1)−δ
(−a)ε
zγ0+ν
γ0 + ν
F1
(
γ0 + ν, δ, ε, 1 + γ0 + ν, z,
z
a
)
, µ = 0, γ
(277)
Similarly, choosing z0 = 1 we compute the integral in terms of Appell’s function
F1 as follows:
y = C0 +
∞∑
ν=0
a(2)ν
(∫
z−γ(z − 1)−δ+µ+ν(z − a)−εdz
)
⇒
y = C0 +
z1−γ(−1)−δ+µ+ν
(−a)ε
∞∑
ν=0
a(2)ν
Γ(1− γ)
Γ(2− γ)F1
(
1− γ, δ − µ− ν, ε, 2− γ, z, z
a
)
, µ = 0, δ
(278)
Similarly choosing z0 = a reads:
y = C0 +
∞∑
ν=0
a(3)ν
(∫
z−γ(z − 1)−δ(z − a)−ε+µ+µdz
)
= C0 +
(−1)−δ
(−a)ε−µ−ν z
1−γ
∞∑
ν=0
a(3)ν
Γ(1− γ)
Γ(2− γ)F1
(
1− γ, δ, ε− µ− ν, 2− γ, z, z
a
)
, µ = 0, ε
(279)
If z0 =
q
αβ or z0 is an ordinary point the integrals involved in (272) in general
are not expressed in terms of the Appell function. Under circumstances they do
as we shall show below. If we consider the non-logarithmic solution in (268) in
the neighbourhood of the singular point z0 =
q
αβ with exponent µ = 2 we have:
yν =
∫
z−γ(z − 1)−δ(z − a)−ε(z − z0)2+νdz ⇒ (280)
yν =
∫ 1
0
u−γz−γ(−1)−δ(1 − uz)−δ(−a)−ε
(
1− zu
a
)−ε
(−z0)2+ν
[
1− uz
z0
]2+ν
zdu
=
(−1)−δ
(−a)ε (−z0)
2+νz1−γ
∫ 1
0
u−γ(1− uz)−δ
(
1− uz
a
)−ε(
1− zu
z0
)2+ν
du
=
(−1)−δ
(−a)ε (−z0)
2+νz1−γ
Γ(1− γ)
Γ(2− γ)FD
(
1− γ, δ, ε,−2− ν, 2− γ, z, z
a
,
z
z0
)
,
(281)
where FD denotes the fourth hypergeometric function of Lauricella with three
variables.
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For ε = 0 our exact analytic result in Eqn.(281) reduces to the result in
terms of Appell’s F1 obtained in [60] for this particular value of this parameter:
yν =
(−1)−δ
(−a)ε
z1−γ
(−z0)−2−ν
1
1− γF1
(
1− γ, δ,−2− ν, 2− γ, z, z
z0
)
(282)
For the definition of Lauricella’s 4th hypergeometric function FD of m-variables
and its integral representation we refer the reader to Appendix A, Eqns (A.1)-
(A.7) of [7].
D Isomonodromic mappings in Fuchs spaces
In this subsection, we will review the space of Fuchsian spaces and the isomon-
odromic mappings in such spaces. It will also be discussed how one can reduce
the number of false singular point using the concept of isomonodromy along the
lines of [47].
Definition 2 Let U, a linear space of functions. If the following conditions
hold: (a) the space has dimension two over C, i.e. any three elements of U are
linearly dependent with complex coefficients.
(b) ∀ U ∈ U is valid that every element U is a regular function of the complex
variable ζ everywhere except a finite set of singular points a1, . . . ar.
(c) for every element of this set, let us say aj, two fundamental functions
Uj,1 and Uj,2 can be selected among the elements of the space U, such that they
obey the ansatz:
Yj,1(ζ) = (ζ − aj)αjy1(ζ), Yj,2(ζ) = (ζ − aj)βjy2(ζ) or (283)
Yj,1(ζ) = (ζ − aj)αjy1(ζ) + log(ζ − aj)Yj,2(ζ), Yj,2(ζ) = (ζ − aj)βjy2(ζ) (284)
or the ansatz for a singular point at infinity in which the previous expressions
acquire the form
Yj,1(ζ) = ζ
−αjy1(1/ζ), Yj,2(ζ) = ζ−βjy2(1/ζ) (285)
Yj,1(ζ) = ζ
−αjy1(1/ζ) + log(ζ)Yj,2(ζ), Yj,2 = ζ−βjy2(1/ζ), (286)
then we call U a Fuchs space. Also yi(ζ), i = 1, 2 are regular and non-zero at
aj, while in (284) the exponents obey the condition βj − αj ∈ Z+. Likewise the
functions y1(ζ) and y2(ζ) in (285),(286) are regular and non-zero at ζ = 0 [47].
If all the conditions are satisfied, except that at infinity, there are fundamental
functions of the form [39],[47]:
Y1(ζ) = e
λ1ζζ−µ1
∞∑
ν=0
cνζ
−ν , Y2(ζ) = eλ2ζζ−µ2
∞∑
ν=0
dνζ
−ν , (287)
and then we talk for a confluent Fuchsian space. The solutions of each (con-
fluent) Fuchsian equation form a (confluent) Fuchsian linear space. Given some
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point in the complex plane, it falls into one of two categories: either it belongs
to the set {aj}, in which case it is singular, or it is a regular point. Only strong
singular points of the equation become singular points of the space of its solu-
tions. The false singular points of the equation are actually regular points of the
space.
Definition 3 Let us consider two distinct Fuchsian, or confluent Fuchsian spaces
U and V. The invertible linear mapping:
U
ϕ−→ V (288)
is an isomonodromy if
(a) the set of non-trivial singular points {a1, . . . , ar} for both spaces coincide.
(b) The exponents α∗j , β
∗
j of U and the exponents α
∗∗
j , β
∗∗
j of V are such that
α∗j − α∗∗j ∈ Z and β∗j − β∗∗j ∈ Z. If infinity is the irregular singular point, then
λ∗1 = λ
∗∗
1 , λ
∗
2 = λ
∗∗
2 and µ
∗
1 − µ∗∗1 ∈ Z, µ∗2 − µ∗∗2 ∈ Z.
(c) For every singular point aj, the image of the fundamental function Uj,1
with exponent α∗j is the fundamental function Vj,1 with exponent α
∗∗
j .
D.1 Explicit isomonodromy mappings and connection be-
tween Fuchsian spaces and Fuchsian equations
In [47] the following important theorem was proved:
Theorem 4 Let U be a Fuchsian, or confluent Fuchsian space with basis (U1, U2)
and let U→ ϕ(U) and U→ ψ(U) be some isomonodromy mappings. Assuming
the determinant
D(ζ) =
∣∣∣∣ ϕ(U1) ψ(U1)ϕ(U2) ψ(U2)
∣∣∣∣ (289)
is not identically zero, then there exist two rational functions R1(ζ) and R2(ζ),
such that for any U ∈ U
U = R1ϕ(U) +R2ψ(U). (290)
An important corollary of the theorem is that for the isomonodromy mappings
U′′ → U′ and U′′ → U if
D(ζ) =
∣∣∣∣ U ′1 U1U ′2 U2
∣∣∣∣ (291)
is not identically zero there exist two rational functions f(ζ) and g(ζ), such that
for any U ∈ U the relation
U ′′(ζ) = f(ζ)U ′(ζ) + g(ζ)U(ζ) (292)
is valid. This means that the Fuchsian (or confluent Fuchsian) space is the space
of solutions for a Fuchsian (or a confluent Fuchsian) differential equation. The
explicit form of the coefficients is determined from the system of equations
U ′′1 = f(ζ)U
′
1 + g(ζ)U1(ζ), (293)
U ′′2 = f(ζ)U
′
2 + g(ζ)U2(ζ), (294)
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f(ζ) =
∣∣∣∣ U ′′2 U2U ′′1 U1
∣∣∣∣∣∣∣∣ U ′2 U2U ′1 U1
∣∣∣∣
=
(−)
∣∣∣∣ U ′′1 U1U ′′2 U2
∣∣∣∣
(−)
∣∣∣∣ U ′1 U1U ′2 U2
∣∣∣∣
=
∣∣∣∣ U ′′1 U1U ′′2 U2
∣∣∣∣
D(ζ)
(295)
g(ζ) =
∣∣∣∣ U ′1 U ′′1U ′2 U ′′2
∣∣∣∣
D(ζ)
(296)
At this point we observe that the false or apparent singular points are the roots
of the determinant
D(ζ) =
∣∣∣∣ U ′1 U1U ′2 U2
∣∣∣∣ (297)
Indeed, the following statements are equivalent: 1) A point ζ0 is an apparent
singularity of the Fuchsian equation:
d2u
dζ2
+ p(ζ)
du
dζ
+ q(ζ)u = 0, (298)
2) There exists two linearly independent holomorphic solutions of (298) around
ζ0 whose Wronskian vanishes at ζ0 [59]. Under the condition D 6= 0 identically,
for any isomonodromy mapping 7 ϕ : V → U there exist functions J(ζ), H(ζ)
such that:
V (ζ) = J(ζ)U(ζ) +H(ζ)U ′(ζ) (299)
Assuming that the Fuchsian equation for V has the general form
V ′′(ζ) = f∗(ζ)V ′ + g∗(ζ)V (ζ) (300)
one can determine the rational functions f∗(ζ), g∗(ζ) as follows: Let the coeffi-
cients f and g in (292) for U are known then ∀U ∈ U and V = ϕ(U),
V ′(ζ) = I(ζ)U(ζ) + Z(ζ)U ′(ζ), (301)
where
I(ζ) := J ′(ζ) +H(ζ)g(ζ), Z(ζ) := J(ζ) +H(ζ)f(ζ) +H ′(ζ) (302)
Differentiating (301) we obtain:
V ′′(ζ) = [I ′(ζ) + Z(ζ)g(ζ)]U(ζ) + [I(ζ) + Z ′(ζ) + Z(ζ)f(ζ)]U ′(ζ) (303)
7We mention that the theory of isomonodromic deformation of a differential equation has
its roots to the Riemann-Hilbert problem [59].
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Using (299) and (300) one obtains:
f∗(ζ) =
∣∣∣∣ I ′(ζ) + Z(ζ)g(ζ) J(ζ)I(ζ) + Z ′(ζ) + Z(ζ)f(ζ) H(ζ)
∣∣∣∣∣∣∣∣ I(ζ) J(ζ)Z(ζ) H(ζ)
∣∣∣∣
(304)
g∗(ζ) =
∣∣∣∣ I(ζ) I ′(ζ) + Z(ζ)g(ζ)Z(ζ) I(ζ) + Z ′(ζ) + Z(ζ)f(ζ)
∣∣∣∣
−J(ζ)Z(ζ) + I(ζ)H(ζ) . (305)
We thus can write [
V
V ′
]
=
[
J H
I Z
] [
U
U ′
]
(306)
while the inverse transformation reads as follows:[
U
U ′
]
=
1
JZ − IH
[
Z −H
−I J
] [
V
V ′
]
(307)
This framework has been advocated in [47] in using isomonodromy for reducing
the number of false singular points. By considering Fuchsian equations that
correspond to different Fuchsian spaces each forming an isomonodromy to each
other, one can investigate the possibility in which while the number of nontrivial
strong singular points of all equations coincide, the number of trivial singular
points and false singular points can be different, leading to equations which
are easier to solve. In [47], a form of D(ζ) was given, under the simplifying
assumption that infinity is a regular point,
D(ζ) = Pǫ(ζ)
r∏
i=1
(ζ − a1)αi+βi−1, ǫ = −
r∑
i=1
(αi + βi − 1)− 2, (308)
where Pǫ is a polynomial of order ǫ, the set {a1 · · · ar} denotes the singular
points with corresponding pairs of the exponents (αi, βi), i = 1 · · · r. The
number of false singular points is defined by ǫ, as one can proves using the
Fuchs relation. These singular points have exponents (0, 2) and correspond to
the case of simple roots of Pǫ. If infinity is a regular singular point of U, then
the number of false singular points is still defined in (308) [47]. In [47] this
theory of monodromy was applied to the case of a Heun equation with a false
singular point. Using the ansatz given in their Eqn.(4.3) they showed that the
solution is given by hypergeometric functions of Gauß [47]. In Appendix B we
prove analytically in detail for the first time this assertion using properties of
the hypergeometric functions of Gauß. Therefore we expect that in the case of
Fuchsian equation with 5 singularities as it is the case for the radial and angular
differential equations for a massive charged scalar particle in the KNdS black
hole spacetime for most of the parameter space, that if one of the singularities
is false, the solution will be expressed in terms of Heun functions. However, the
verification of the conjecture is beyond the scope of the current paper and it
will be a subject of a future publication.
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